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Summary 
The model that includes correlated errors developed by Myers and Cadigan was presented 
for 2J3KL cod. The correlated error model produces a much improved fit to the research 
vessel surveys than the model that assumed independent errors. The correlated error model 
produced lower estimates of abundance, i.e. the numbers went down from a total 82,145,000 
fish of ages 3-12 to only 27,265,000. There are very large standard errors associated with 
both estimates. The fishing mortality estimated in the last two years is generally higher in 
the correlated error model. The fishing mortality in the in 1993 appears to be high both 
the independent and correlated error models because the Canadian commercial fishery was 
closed during 1993. In all models, with or without correlated errors, there is extraordinary 
patterns in the unstandarized residuals. There is generally a change in the sign of the 
residuals after 1988. This pattern implies that one of the assumptions of the model is badly 
wrong. 

Introduction 
We apply a statistical catch-at-age model with correlated to 2J3KL cod. We analyze the 
catch and fall research surveys for years up to 1993. Details of the methods are described 
in another document: "The Statistical Analysis of Catch-at-Age Data with Correlated Er-
rors" (Myers and Cadigan 1994). Except for the assumption of the error distribution being 
correlated among ages within a year, we have followed all other assumptions traditionally 
used in the analysis as closely as possible. One minor change that we have made is the 
assumption used to estimate the numbers in the oldest age, A. We use the assumption that 
fishing mortality in the oldest age, A, is equal to that at age A — 1, i.e. FeLy  = FA_ 1y . 

The first difficulty that we had in the analysis was that there were no cod caught in 1993 
over 8 years of age. We used two alternative strategies for dealing with this problem. 

• We replaced the zero estimates of abundance for ages 9-12 in 1993 with half the 
minimum of the previously observed estimates. In our case we will replace the zero's 
with 0.005 (mean fish per tow). 

• We gave the research surveys estimates zero weight for ages 9-12 in 1993. That is, we 
treated them as if this portion of the population was simply not surveyed. 

Both strategies have obvious problems. In the first we constrain the estimates to be 
numbers that are without basis. Although they are probably within an order of magnitude 



of the correct, numbers ;  that is all we can say. The second strategy is saying we know nothing 
about the abundance of these age groups. In fact we know quite a bit: they are so rare that 
none were caught in the surveys. 

Methods 

Population model 

Some notation is first developed. Nay  is the number of age a fish in the population at the 
beginning of year y. Co , y  is the number of age a fish in year y that are caught by the fishery. 
Lowercase letters are used to denote log transformations, e.g. n o , y  = log(Na , y ). The number 
of ages and years modeled are A and Y, respectively. 

The model for numbers at age is 

No,y = Ca , y e"1 / 2  + No+i, y+ie"1 , 	 (1) 

where tri is the natural mortality rate which is usually assumed to be constant for all ages 
and years (Pope 1972). The catches are assumed to occur halfway through the year in (1). 

Let Fa , y denote the fishing mortality rate and Zoy  = m+Fopy  denote the total mortality. 
Foy  is defined as: 

Fa,y = log( 	yr 
No 	) 

nal-LH-1 	
m. 

Numbers at age A for all other years than Y are computed using FA, y  and the solution for 
NA + 1, y+ 1 in (1): 

NA N 
	CAN  exp(MA , y /2) 

1 — exp( — FA, y ) 
	 (2) 

FA N  

We will call the numbers at age in the last year "survivors" and they will be denoted by 
So  E No y and s a e It a x. Given estimates of the Se 's, the numbers at age for all the 
cohorts represented in the last year can be reconstructed using Eq. (1). In Myers and 
Cadigan (1994) we considered several alternative models for PA , y , and concluded that the 
above formulation gave the best fit. 

Statistical models 

Let Ra , y  be a random index of abundance from a research survey and let r o , y  = log(R o , y ). 
We will not distinguish between a random variable and its observation by using the usual 
notation (normally upper and lower case is used for this purpose but the convention is in 
use here for logarithms); however, the distinction will be made when necessary. 

Independent errors 

The usual statistical model used in the analysis of commercial catch-at-age data assumes 
that the deviations in the log survey estimates from the population model are distributed 
as uncorrelated, normal random deviates with constant variance, i.e. 

rqY 	= 	qa  naN  — I Za ,y 	ca,y, 	 (3 ) 

ind 
fa  

ind where qa  is the log catchability of the research surveys at age a and 	denotes indepen- 

dentlydistributed over years and ages. The parameter t is the proportion of the year that 
has been completed when the survey takes place; for MU cod the surveys take place in 
November so we set t 

The parameters we estimate are the A survivors in year Y and the A survey catchability 
coefficients (by age). Note that the a y 's are constrained to be equal to one. The variance of 
the c o , y  (a2 ) is also estimated. Let r be the random A x Y matrix of log survey numbers, 



r 1 , 2  
r2 , 1 	r22 

. 	r1y  
r2,1, 

= kJ, •••, r,v 1, 

rA,1 	rA ,2 	• 	• 	rA,Y 

and let r be the AY x 1 vector of log survey numbers formed by stacking the columns of r: 

r1 
r , 2 

KAY x 1 = 

_ r,y 

The variance-covariance matrix is E = cov(r) = o: 2I, where I is a AY x AY identity 
matrix. 

Correlated errors 

We consider an alternative statistical model which allows for correlated errors among ages 
in each year. We add a random effect (0 for years: 

ra,y 	= 	qa  + n a , y  — t Zay + ((IN + ey,  t 	 (4) 

in 
ca ,y 	...d 

	N(0, 0.2 ), 	 ( 5 ) 

Sy 

ind N(0, 0). 

This is a mixed effects model in which all errors are equally correlated within a year but 
are independent betWeen years. The correlation is p= 0/(0 2  + 0). The variance-covariance 
matrix is E = cov(r) = cr 2 1+ ck(Iy UA), where 0 denotes the Kronecker product, Iy is a 
Y x Y identity matrix and UA is an A x A matrix of l's. 

Maximum likelihood estimates 

Maximum likelihood methods are used to estimate the model parameters under the two 
alternative error structures described above. The loglikelihood (I) is given by 

1= k - [log(I  E I) + (r - E(E)) 1 E - 1 (1 -  E(r))1 /2 , 

where k is a constant. The covariance matrix is combined with a weighting matrix to 
accomodate missing surveys and to extend the population beyond the oldest age that survey 
data is used for estimation. The covariance matrix actually modelled is: 

where W is a diagonal matrix of full rank. In this analysis the elements in W are either l's 
or oo's; the co elements correspond to missing surveys and gives these surveys zero weight 
in parameter estimation. Inferences are based on the marginal likelihoods of surveys with 
nonzero weights. Maximum likelihood parameter estimates are obtained using the iterative 
algorithms in Gumpertz and Pantula (1992). The derivatives of (3) with respect to the 
survivors, the (l a 's, and the ay 's required in this algorithm are developed in (Myers and 
Cadigan 1999). The likelihood ratio test is used to test statistical hypotheses. To test 
that a subset of p parameters is equal to some specified value, models with and without 
the parameter constraints are fit yielding reduced and full log-likelihoods. Two times the 
difference between the reduced and full log-likelihoods is asymptotically a chi square random 
variable with p degrees of freedom (Cox and Hinkley 1974). 

r = 



Results 
We estimated parameters for four models. 

For each of the above assumptions for the numbers of the older ages in 1993, we estimated 
models under the assumption that the errors are independent and are correlated. 

The results for the case for which we replaced the zero in the RV surveys by 0.005 are 
shown in Tables 1-2. The results for the case where they were treated as missing was similar. 
For each run of the model we present: 

• A summary table which includes the loglikelihood and the parameter estimates with 
standard standard errors. The estimated parameters are: 

1. The survivors are estimated from ages 3-12. 

2. The log catchabilities are estimated from ages 3-12 (the q a 's) . 

3. The independent estimation error variance, 0. 2 . 

4. The variance for the correlated errors, (for the correlated error model only). 

• The numbers at age matrix (in thousands). 

• The fishing mortality matrix. 

• The residual matrix. 

• The standarized residual matrix. This is done by multiplying the vector of differences 
between observed and predicted log survey numbers by the square-root inverse of the 
estimated covariance matrix. 

Results 

The following patterns can be seen from the data: 

1. The correlated error model produces a much improved fit in both cases. 

2. The correlated error model produces lower estimates of abundance under both as-
sumptions about the older ages in 1992. In the model where we replaced the zero's by 
0.005, the difference was very large, i.e. survivors were reduced from a total 82,145,000 
fish of ages 3-12 to only 27,265,000. 

3. The fishing mortality estimated in the last two years is generally higher in the corre-
lated error model. 

4. The fishing mortality in the in 1993 appears to be high in all cases, considering that 
the fishery was shut down. 

5. In all cases there is extraordinary patterns in the unstandarized residuals. There is 
generally a change in the sign of the residuals after 1988. 

Conclusions 

We conclude that there is something fundamentally wrong with the assumptions used in the 
model. The use of correlated errors does not .overcome this problem. It is unlikely that the 
problem is caused by an increase in natural mortality in 1991, the pattern in the residuals 
started in 1989. 

It is possible that there has been large trends in misreporting that may be responsible 
for the pattern. This seems unlikely, but cannot be discounted at this time. 
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