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Summary 

 
Statistical Catch-at-Age (SCAA) assessment methodology is applied to the Greenland 
halibut resource, with full algebraic specifications of the approach provided in an 
Appendix. Results are reported for a baseline run and eight sensitivities. These are 
all duplicated given that the estimates of historical biomass are very sensitive to 
whether or not the commercial catch-at-age data for the first two years are included 
in fitting the assessment model. In most cases current biomasses are estimated to 
be above BMSY and increasing, with MSY estimates typically close to 25000t. 

 
Introduction 
 
This document provides baseline Statistical-Catch-at-Age (SCAA) assessments of the Greenland halibut 
resource based on data provided following NAFO WebEx meetings to discuss appropriate choices. A number of 
sensitivity results are also reported, related to different choices for biological parameter inputs and fitting to 
different combinations of survey series. 
 
Data and Methodology 
 
The catch and survey based data (including catch-at-age information) and some biological data are listed in 
Tables in Appendix A. Table 1 lists the different combinations of survey series considered for the various 
assessments. 
 
The details of the SCAA assessment methodology are provided in Appendix B. 
 
  



2 

Northwest Atlantic Fisheries Organization  www.nafo.int 
 

Results 
 
Historical biomass estimates were found to be very sensitive to which commercial catch-at-age (CAA) data 
were included in the assessment model fit, so that two baseline assessments were specified for which the 
historical levels of biomass differed substantially: 
a) Baseline StartA:14+ for the plus group, M=0.2, h=0.9,WCAA=0.1 for both survey and commercial CAA. 

Survey series, see Table 1. 
b) Baseline StartB: As baseline StartA but omitting 1975 and 1976 commercial CAA from the fit. 
 
Results are given in Table 2 and Figures 1 and 2. 
 
All sensitivities are carried out for both StartA and StartB baseline specifications: 
c) 10+ instead of 14+ for the plus group: Tables 3a and 3b, Figures 3a and 3b 
d) M=0.12 instead of 0.2: Tables 3a and 3b, Figures 3a and 3b 
e) 10+ for the plus group and M=0.12 instead of 0.2: Tables 3a and 3b, Figures 3a and 3b 
f) O1, O2 and O3: different survey series used, see Table 1: Tables 3a and 3b, Figures 4a and 4b and Figures 

5-7 
g) h=0.5 instead of h=0.9: Tables 3a and 3b, Figures 8a and 8b  
h) M increase: M is 0.2 for ages 0 to 10 then increase linearly to 0.5 at age 14+ Tables 3a and 3b, Figures 8a 

and 8b 
 
Table 4 gives MSY-related estimates for the various assessments, together with Hessian-based 95% CIs. 𝐹𝐹𝑀𝑀𝑀𝑀𝑀𝑀  
is in terms of the apical F – the fishing mortality on the age class with a maximum selectivity of 1. The 
computation of 𝐹𝐹𝑀𝑀𝑀𝑀𝑀𝑀  requires the iterative solution of a non-linear equation; hence no Hessian-based CI is 
available, and other MSY-related values are conditional on the MLE of 𝐹𝐹𝑀𝑀𝑀𝑀𝑀𝑀 . 
 
Discussion 
 
Some notable features of the results are as follows. 
 

• Unsurprisingly, given the wide differences in historical estimates of abundances for the StartA and 
StartB assessments, CI estimates for biomasses early in the period of the assessment are much higher 
than for more recent years 

• Estimates of current biomasses are generally somewhat above BMSY, but drop below this for lower 
steepness values and the O1 and O2 choices of abundance indices. 

• There is a lack of fit of the two baseline runs to the EU 3M 0-700m catch-at-age data: there is a clear 
pattern in the residuals and the models predict too many 8 year olds on average. 

• There are no other obvious indications of lack of fit for the baseline runs (we have yet to fully check all 
the sensitivities). 

• Recent spawning and exploitable biomasses are increasing except for the sensitivity with a 10+ plus 
group and M=0.12 (both StartA and StartB baselines) and for the sensitivity with the O2 choices of 
abundance indices.  

• MSY estimates are typically close to 25000 tons, unless steepness h is set lower than 0.9. However note 
that the model fit for this lower value of his notably worse in terms of the (penalised) log likelihood 
(see Tables 3a and 3b).  
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Table 1: Survey data series used in the various sensitivity runs, showing the period covered by each survey. 
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Table 2: Results of SCAA baseline runs StartA and StartB; values shown in bold are fixed on input. Hessian-
based CVs are shown in parentheses. 
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Table 3a: Results of various SCAA variants based on baseline run StartA. Hessian-based CVs are shown in parentheses. 

 
* Not converged 
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Table 3b: Results of various SCAA variants based on baseline run StartB. Hessian-based CVs are shown in parentheses. 

 
* Not converged 
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Table 4: MSY and related quantities for the various SCAA variants based on baseline run StartA (top two rows) and baseline run StartB (bottom two 
rows). 

 
* Not converged 
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Fig. 1. Results for SCAA baseline variants StartA and StartB. 
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Fig. 2.  Fits to the survey data for SCAA baseline variants StartA and StartB. 
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Fig. 3a.  Biomass (spawning, 5-9 and total) and recruitment trajectories for baseline run StartA and the three 
 variants: 10 instead of 14 plus-group, M=0.12 instead of M=0.2 and a combination of the two: M=0.12 
 and 10+.  

 

 
Fig. 3b. Biomass (spawning, 5-9 and total) and recruitment trajectories for baseline run StartB and the three 

variants: 10 instead of 14 plus-group, M=0.12 instead of M=0.2 and a combination of the two: M=0.12 
and 10+.  
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Fig. 4a. Biomass (spawning, 5-9 and total) and recruitment trajectories for baseline run StartA and the three 
 variants based on different survey series.  

 

Fig. 4b. Biomass (spawning, 5-9 and total) and recruitment trajectories for baseline run StartB and the three 
 variants based on different survey series. 
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Fig. 5.  Fits to the survey biomass indices and catch-at-age data for variant O1 based on StartA baseline run. 
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Fig.6.  Fits to the survey biomass indices and catch-at-age data for variant O2 based on StartA baseline run. 
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Fig.7.  Fits to the survey biomass indices and catch-at-age data for variant O3 based on StartA baseline run. 
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Fig. 8a.  Biomass (spawning, 5-9 and total) and recruitment trajectories for baseline run StartA and two 
 variants.  

 

 

Fig. 8b.  Biomass (spawning, 5-9 and total) and recruitment trajectories for baseline run StartB and two 
 variants.  
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APPENDIX A – Data 
 
Table A1: Landings (tons) for Greenland Halibut in Sub-area 2 and Div. 3KLMNO. 
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Table A2. Catch at age matrix (000s) for Greenland Halibut in Sub-Area 2 and Divisions 3KLMNO. 
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Table A3. Catch weights-at-age (kg) matrix for Greenland Halibut in Sub-Area 2 and Divisions 3KLMNO. 

 
 
Table A4: Proportion mature-at-age for Greenland Halibut in Sub-Area 2 and Divisions 3KLMNO. 
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Table A5: Survey catch-at-age data (numbers) and biomass indices (mean weight (kg) per tow) for Greenland 
Halibut in Sub-Area 2 and Divisions 3KLMNO. 
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Table A5: continued 
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Table A5: continued 
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Appendix B  
 

Algebraic details of the Statistical Catch-at-Age Model 
 
The text following sets out the equations and other general specifications of the Statistical Catch-at-Age (SCAA) 
assessment model applied to Greenland halibut, followed by details of the contributions to the (penalised) log-
likelihood function from the different sources of data available and assumptions concerning the stock-recruitment 
relationship. Quasi-Newton minimization is applied to minimize the total negative log-likelihood function to estimate 
parameter values (the package AD Model BuilderTM, Otter Research, Ltd is used for this purpose). 
 
Where options are provided under a particular section, the section concludes with a statement in bold as to which 
option was selected for the baseline run selected. 
 
B.1. Population dynamics 
B.1.1 Numbers-at-age 
The resource dynamics are modelled by the following set of population dynamics equations: 
𝑁𝑁𝑦𝑦+1,0 = 𝑅𝑅𝑦𝑦+1 (B.1) 
𝑁𝑁𝑦𝑦+1,𝑎𝑎+1 = 𝑁𝑁𝑦𝑦,𝑎𝑎𝑒𝑒−𝑍𝑍𝑦𝑦,𝑎𝑎     for 0 ≤ a ≤ m – 2 (B.2) 
𝑁𝑁𝑦𝑦+1,𝑚𝑚 = 𝑁𝑁𝑦𝑦,𝑚𝑚−1𝑒𝑒−𝑍𝑍𝑦𝑦,𝑚𝑚−1 + 𝑁𝑁𝑦𝑦,𝑚𝑚𝑒𝑒−𝑍𝑍𝑦𝑦,𝑚𝑚     (B.3) 
where 
𝑁𝑁𝑦𝑦,𝑎𝑎  is the number of fish of age a at the start of year y, 
𝑅𝑅𝑦𝑦 is the recruitment (number of 0-year-old fish) at the start of year y, 
m is the maximum age considered (taken to be a plus-group). 
𝑍𝑍𝑦𝑦,𝑎𝑎 = 𝐹𝐹𝑦𝑦𝑆𝑆𝑦𝑦,𝑎𝑎 + 𝑀𝑀𝑎𝑎 is the total mortality in year y on fish of age a, where 
𝑀𝑀𝑎𝑎   denotes the natural mortality rate for fish of age a, 
𝐹𝐹𝑦𝑦 is the fishing mortality of a fully selected age class in year y, and 
𝑆𝑆𝑦𝑦,𝑎𝑎 is the commercial selectivity at age a for year y. 
 
B.1.2. Recruitment 
The number of recruits (i.e. new 0-year olds) at the start of year y is assumed to be related to the spawning stock size 
(i.e. the biomass of mature fish) by Beverton-Holt stock-recruitment relationship, allowing for annual fluctuation 
about the deterministic relationship.  
 

𝑅𝑅𝑦𝑦 =
𝛼𝛼𝐵𝐵𝑦𝑦

𝑠𝑠𝑠𝑠

𝛽𝛽+𝐵𝐵𝑦𝑦
𝑠𝑠𝑠𝑠 𝑒𝑒�𝜑𝜑𝑦𝑦−(𝜎𝜎𝑅𝑅)2 2⁄ � (B.4) 

 
where 
α and β  are spawning biomass-recruitment relationship parameters,  
𝜑𝜑𝑦𝑦 reflects fluctuation about the expected recruitment for year y, which is assumed to be normally distributed 

with standard deviation σR (which is input in the applications considered here); these residuals are treated as 
estimable parameters in the model fitting process.  

𝐵𝐵𝑦𝑦
𝑠𝑠𝑠𝑠 is the spawning biomass at the start of year y, computed as: 

𝐵𝐵𝑦𝑦
𝑠𝑠𝑠𝑠 = ∑ 𝑓𝑓𝑎𝑎𝑚𝑚

𝑎𝑎=1 𝑤𝑤𝑦𝑦,𝑎𝑎
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑁𝑁𝑦𝑦,𝑎𝑎 (B.5) 

where  
𝑤𝑤𝑦𝑦,𝑎𝑎
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  is the mass of fish of age a during spawning, and  

𝑓𝑓𝑎𝑎  is the proportion of fish of age a that are mature. 
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In order to work with estimable parameters that are more biologically meaningful, the stock-recruitment relationship 
is re-parameterised in terms of the pre-exploitation (virgin) equilibrium spawning biomass 𝐵𝐵0 and the steepness, h, of 
the stock-recruitment relationship, which is the proportion of the virgin recruitment 𝑅𝑅0 that is realised at a spawning 
biomass level of 20% of the virgin spawning biomass: 
𝛼𝛼 = 4ℎ𝑅𝑅0

5ℎ−1
 (B.6) 

and 
𝛽𝛽 = 𝐵𝐵0(1−ℎ)

5ℎ−1
 (B.7) 

where 

𝑅𝑅0 = 𝐵𝐵0 �∑ 𝑓𝑓𝑎𝑎𝑤𝑤𝑦𝑦0,𝑎𝑎
𝑠𝑠𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑒𝑒𝑒𝑒�−∑ 𝑀𝑀𝑎𝑎′

𝑎𝑎−1
𝑎𝑎′=0 � + 𝑓𝑓𝑚𝑚𝑤𝑤𝑦𝑦0,𝑚𝑚

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑒𝑒𝑒𝑒𝑒𝑒�−∑ 𝑀𝑀𝑎𝑎′
𝑚𝑚−1
𝑎𝑎′=0 �

1−𝑒𝑒𝑒𝑒𝑒𝑒(−𝑀𝑀𝑚𝑚)
𝑚𝑚−1
𝑎𝑎=1 ��  (B.8) 

 
For baseline run, h is fixed to 0.9 and σR=0.2. 
 
B.1.3. Total catch and catches-at-age 
The total catch by mass in year y is given by: 
𝐶𝐶𝑦𝑦 = ∑ 𝑤𝑤𝑦𝑦,𝑎𝑎

𝑚𝑚𝑚𝑚𝑚𝑚𝐶𝐶𝑦𝑦,𝑎𝑎
𝑚𝑚
𝑎𝑎=0 = ∑ 𝑤𝑤𝑦𝑦,𝑎𝑎

𝑚𝑚𝑚𝑚𝑚𝑚𝑁𝑁𝑦𝑦,𝑎𝑎𝑆𝑆𝑦𝑦,𝑎𝑎𝐹𝐹𝑦𝑦 (1 − 𝑒𝑒−𝑍𝑍𝑦𝑦,𝑎𝑎) 𝑍𝑍𝑦𝑦,𝑎𝑎�𝑚𝑚
𝑎𝑎=0  (B.9) 

where 
𝑤𝑤𝑦𝑦,𝑎𝑎
𝑚𝑚𝑚𝑚𝑚𝑚 denotes the mass of fish of age a landed in year y, 

𝐶𝐶𝑦𝑦,𝑎𝑎 is the catch-at-age, i.e. the number of fish of age a, caught in year y. 
 
 
B.1.4. Initial conditions 
As the first year for which data are available for the Greenland halibut stock considered clearly does not correspond 
to the first year of (appreciable) exploitation, one cannot necessarily make the conventional assumption in the 
application of SCAA’s that this initial year reflects a population (and its age-structure) at pre-exploitation equilibrium. 
For the first year (y0) considered in the model therefore, the starting numbers-at-age are estimated directly for ages 0 
to am, and an average fishing mortality is applied for ages am +1 to m: 

𝑁𝑁𝑦𝑦0,𝑎𝑎 = �

estimated for 0 ≤ 𝑎𝑎 ≤ 𝑎𝑎𝑚𝑚
𝑁𝑁𝑦𝑦0,𝑎𝑎−1𝑒𝑒−𝑀𝑀𝑎𝑎−1�1 − 𝜗𝜗𝑆𝑆𝑦𝑦0,𝑎𝑎−1� for 𝑎𝑎𝑚𝑚 < 𝑎𝑎 < 𝑚𝑚

𝑁𝑁𝑦𝑦0,𝑚𝑚−1𝑒𝑒−𝑀𝑀𝑚𝑚−1�1 − 𝜗𝜗𝑆𝑆𝑦𝑦0,𝑚𝑚−1� �1 − 𝑒𝑒−𝑀𝑀𝑚𝑚�1 − 𝜗𝜗𝑆𝑆𝑦𝑦0,𝑚𝑚��� for 𝑎𝑎 = 𝑚𝑚
  (B.10) 

where 𝜗𝜗  characterises the average fishing proportion over the years immediately preceding y0. 
 
For baseline run, 𝝑𝝑   is estimated directly in the model fitting procedure and 𝒂𝒂𝒎𝒎 = 𝟓𝟓. 
 
 
B.2. The (penalised) likelihood function 
The model can be fit to (a subset of) survey biomass indices, and commercial and survey catch-at-age and catch-at-
age data to estimate model parameters (which may include residuals about the stock-recruitment function, facilitated 
through the incorporation of a penalty function described below). Contributions by each of these to the negative of the 
(penalised) log-likelihood (- Ln ) are as follows.  
 
B.2.1. Survey biomass data 
The likelihood is calculated assuming that a survey biomass index is lognormally distributed about its expected value:  
𝐼𝐼𝑦𝑦𝑖𝑖 = 𝐼𝐼𝑦𝑦𝑖𝑖 𝑒𝑒𝜀𝜀𝑦𝑦

𝑖𝑖
      or      𝜀𝜀𝑦𝑦𝑖𝑖 = 𝑙𝑙𝑙𝑙�𝐼𝐼𝑦𝑦𝑖𝑖 � − 𝑙𝑙𝑙𝑙�𝐼𝐼𝑦𝑦𝑖𝑖 � (B.11) 

where 
𝐼𝐼𝑦𝑦𝑖𝑖  is the survey index for survey i in year y, 
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𝐼𝐼𝑦𝑦𝑖𝑖 = 𝑞𝑞�𝑖𝑖𝐵𝐵�𝑦𝑦𝑖𝑖  is the corresponding model estimate, where 
𝑞𝑞�𝑖𝑖 is the constant of proportionality (catchability) for the survey biomass series i, and 

𝜀𝜀𝑦𝑦𝑖𝑖  from 𝑁𝑁 �0, �𝜎𝜎𝑦𝑦𝑖𝑖 �
2�. 

 
The model estimate of survey biomass index is computed as: 
𝐵𝐵𝑦𝑦𝑖𝑖 = ∑ 𝑤𝑤𝑦𝑦,𝑎𝑎

𝑖𝑖 𝑆𝑆𝑎𝑎𝑖𝑖𝑁𝑁𝑦𝑦,𝑎𝑎𝑒𝑒−𝑍𝑍𝑦𝑦,𝑎𝑎𝑇𝑇𝑖𝑖 12⁄𝑚𝑚
𝑎𝑎=0  (B.12) 

where  
𝑆𝑆𝑎𝑎𝑖𝑖       is the survey selectivity for age a, which is taken to be year-independent. 
𝑇𝑇𝑖𝑖      is the month in which the survey is taking place (see Table B1), and 
𝑤𝑤𝑦𝑦,𝑎𝑎
𝑖𝑖  denotes the mass of fish of age a from survey i in year y. 

 
The contribution of the survey biomass data to the negative of the log-likelihood function (after removal of constants) 
is then given by: 

−𝑙𝑙𝑙𝑙𝐿𝐿survey = ∑ ∑ �𝑙𝑙𝑙𝑙 ���𝜎𝜎𝑦𝑦𝑖𝑖 �
2 + �𝜎𝜎𝐴𝐴𝐴𝐴𝐴𝐴𝑖𝑖 �2� + �𝜀𝜀𝑦𝑦𝑖𝑖 �

2

2��𝜎𝜎𝑦𝑦𝑖𝑖 �
2
+�𝜎𝜎𝐴𝐴𝐴𝐴𝐴𝐴

𝑖𝑖 �
2
�
�𝑦𝑦𝑖𝑖  (B.13) 

where  
𝜎𝜎𝑦𝑦𝑖𝑖  is the standard deviation of the residuals for the logarithm of index i in year y, and 
𝜎𝜎𝐴𝐴𝐴𝐴𝐴𝐴𝑖𝑖  is the square root of the additional variance for survey biomass series i, which is estimated in the model fitting 

procedure, with an upper bound of 0.5. 
 
In this case, however, external estimates of 𝜎𝜎𝑦𝑦𝑖𝑖  (from survey sampling variance) are not available. So homoscedasticity 
of residuals is assumed, so that estimation of additional variance falls away and 𝜎𝜎𝑦𝑦𝑖𝑖 = 𝜎𝜎𝑖𝑖 is estimated in the fitting 
procedure by its maximum likelihood value (with a minimum estimate of 0.15 imposed to prevent overweighting 
through overfitting): 
 

𝜎𝜎𝑖𝑖 = �1
𝑛𝑛𝑖𝑖
∑ �𝑙𝑙𝑙𝑙𝐼𝐼𝑦𝑦𝑖𝑖 − 𝑙𝑙𝑙𝑙�𝑞𝑞𝑖𝑖𝐵𝐵𝑦𝑦𝑖𝑖 ��

2
𝑦𝑦  (B.14) 

The constant of proportionality 𝑞𝑞𝑖𝑖 for survey biomass index i is estimated by its maximum likelihood value: 
𝑙𝑙𝑙𝑙𝑞𝑞𝑖𝑖 = 1

𝑛𝑛𝑖𝑖
∑ �𝑙𝑙𝑙𝑙𝐼𝐼𝑦𝑦𝑖𝑖 − 𝑙𝑙𝑙𝑙𝐵𝐵𝑦𝑦𝑖𝑖 �𝑦𝑦  (B.15) 

B.2.3. Commercial catches-at-age 
The contribution of the catch-at-age data to the negative of the log-likelihood function under the assumption of an 
“adjusted” lognormal error distribution is given by: 

−𝑙𝑙𝑙𝑙𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶 = 𝑤𝑤𝐶𝐶𝐶𝐶𝐶𝐶 ∑ ∑ �𝑙𝑙𝑙𝑙 �𝜎𝜎𝑎𝑎
𝑐𝑐𝑐𝑐𝑐𝑐

�𝑝𝑝𝑦𝑦,𝑎𝑎
� + 𝑝𝑝𝑦𝑦,𝑎𝑎�𝑙𝑙𝑙𝑙𝑝𝑝𝑦𝑦,𝑎𝑎 − 𝑙𝑙𝑙𝑙𝑝̂𝑝𝑦𝑦,𝑎𝑎�

2 2(𝜎𝜎𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐)2� �𝑎𝑎𝑦𝑦  (B.16) 

where  
𝑝𝑝𝑦𝑦,𝑎𝑎 = 𝐶𝐶𝑦𝑦,𝑎𝑎 ∑ 𝐶𝐶𝑦𝑦,𝑎𝑎′𝑎𝑎′⁄    is the observed proportion of fish caught in year y that are of age a, 
𝑝̂𝑝𝑦𝑦,𝑎𝑎 = 𝐶̂𝐶𝑦𝑦,𝑎𝑎 ∑ 𝐶̂𝐶𝑦𝑦,𝑎𝑎′𝑎𝑎′�     is the model-predicted proportion of fish caught in year y that are of age a,  
with 
𝐶̂𝐶𝑦𝑦,𝑎𝑎 = 𝑁𝑁𝑦𝑦,𝑎𝑎𝑆𝑆𝑦𝑦,𝑎𝑎𝐹𝐹𝑦𝑦 (1 − 𝑒𝑒−𝑍𝑍𝑦𝑦,𝑎𝑎) 𝑍𝑍𝑦𝑦,𝑎𝑎�  (B.17) 
and 
𝜎𝜎𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐 is the standard deviation associated with the catch-at-age data, which is estimated in the fitting procedure by: 

𝜎𝜎�𝑎𝑎𝑐𝑐𝑐𝑐𝑐𝑐 = �∑ 𝑝𝑝𝑦𝑦,𝑎𝑎�𝑙𝑙𝑙𝑙𝑝𝑝𝑦𝑦,𝑎𝑎 − 𝑙𝑙𝑙𝑙𝑝̂𝑝𝑦𝑦,𝑎𝑎�
2

𝑦𝑦 ∑ 1𝑦𝑦�  (B.18) 
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The 𝑤𝑤𝐶𝐶𝐶𝐶𝐶𝐶 weighting factor in equation B.16 may be set to a value less than 1 to downweight the contribution of the 
catch-at-lage data (which tend to be positively correlated between adjacent age groups) to the overall negative log-
likelihood compared to that of the survey biomass data.  
 
Commercial catches-at-age are incorporated in the likelihood function using equation (B.16), for which the summation 
over age a is taken from age aminus (considered as a minus group) to aplus (a plus group).  
 
For the baseline run, 𝒘𝒘𝑪𝑪𝑪𝑪𝑪𝑪 = 𝟎𝟎.𝟏𝟏. 
 
B.2.4. Survey catches-at-age 
The survey catches-at-age are incorporated into the negative of the log-likelihood in an analogous manner to the 
commercial catches-at-age, assuming an “adjusted” lognormal error distribution (equation (B.16)) where: 
𝑝𝑝𝑦𝑦,𝑎𝑎
𝑖𝑖 = 𝐶𝐶𝑦𝑦,𝑎𝑎

𝑖𝑖 ∑ 𝐶𝐶𝑦𝑦,𝑎𝑎′
𝑖𝑖

𝑎𝑎′�   is the observed proportion of fish of age a in year y for survey i, 
𝑝̂𝑝𝑦𝑦,𝑎𝑎
𝑖𝑖  is the expected proportion of fish of age a in year y in the survey i, given by: 

𝑝̂𝑝𝑦𝑦,𝑎𝑎
𝑖𝑖 = 𝑆𝑆𝑎𝑎𝑖𝑖𝑁𝑁𝑦𝑦,𝑎𝑎𝑒𝑒−𝑍𝑍𝑦𝑦,𝑎𝑎𝑇𝑇𝑖𝑖 12⁄ ∑ 𝑆𝑆𝑎𝑎′𝑖𝑖 𝑁𝑁𝑦𝑦,𝑎𝑎′𝑒𝑒−𝑍𝑍𝑦𝑦,𝑎𝑎′𝑇𝑇𝑖𝑖 12⁄

𝑎𝑎′�  (B.19) 
 
B.2.5. Stock-recruitment function residuals 
The stock-recruitment residuals are assumed to be lognormally distributed. Thus, the contribution of the recruitment 
residuals to the negative of the (now penalised) log-likelihood function is given by: 
 
−𝑙𝑙𝑙𝑙𝐿𝐿𝑝𝑝𝑝𝑝𝑝𝑝 = ∑ �𝜑𝜑𝑦𝑦2 2𝜎𝜎𝑅𝑅2⁄ �𝑦𝑦2

𝑦𝑦=𝑦𝑦1  (B.20) 
where 
𝜑𝜑𝑦𝑦 from 𝑁𝑁(0,𝜎𝜎𝑅𝑅2), 
𝜎𝜎𝑅𝑅 is the standard deviation of the log-residuals, which is input. 
B.2.7. Catches 
 

−𝑙𝑙𝑙𝑙𝐿𝐿𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶ℎ = ∑ 𝑙𝑙𝑙𝑙𝐶𝐶𝑦𝑦−𝑙𝑙𝑙𝑙𝐶̂𝐶𝑦𝑦
2𝜎𝜎𝐶𝐶

2𝑦𝑦  (B.21) 

 
 where  
𝐶𝐶𝑦𝑦 is the observed catch in year y, 
𝐶̂𝐶𝑦𝑦 is the predicted catch in year y (equation B.9), and 
𝜎𝜎𝐶𝐶 = 0.1 is the input CV input. 
 
B.3. Estimation of precision 
Where quoted, CV’s or 95% probability interval estimates are based on the Hessian. 
 
B.4. Model parameters 
B.4.1. Fishing selectivity-at-age: 
For the surveys, the fishing selectivities are either estimated separately for ages a1 to age a2 or are modelled by a 
double normal shape: 

𝑆𝑆𝑎𝑎 = �
𝑒𝑒𝑒𝑒𝑒𝑒 �− (𝑎𝑎−𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚)2

2𝜎𝜎𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙
2 � for 𝑎𝑎 ≤ 𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚

𝑒𝑒𝑒𝑒𝑒𝑒 �− (𝑎𝑎−𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚)2

2𝜎𝜎𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑡𝑡
2 � for 𝑎𝑎 > 𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚

 (B.22) 

where 𝜎𝜎𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙, 𝜎𝜎𝑟𝑟𝑟𝑟𝑟𝑟ℎ𝑡𝑡  and 𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚  are estimable parameters.
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B.4.2. Other parameters 
 
 
b: Model parameters 
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