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Summary 

Results for the Statistical Catch-at-Age (SCAA) Operating Models for the Greenland 

halibut resource, as agreed at the 2023 SC meeting, are reported. 

 

 

Introduction 

All OMs in this document include the 3L EU survey and uses the corrected 2021 weights-at-age and commercial 

catches-at-age.  

 

Methods 

The SCAA methodology for the assessment of Greenland halibut is set out Appendix A, and is identical to that 

applied in 2017. The updated data to which this methodology is applied are listed in Appendix B. 

Of the 12 Robustness tests specified in June 2023 Scientific Council meeting (REF), only four require 

reconditioning (because they modify assumptions which affect historical dynamics) and are therefore 

including here together with the Base Case. The following Operating Models were therefore run, with results 

reported here: 

a) “OM1”: The Base Case, now including the 3L EU survey; 

b) “Rob1”: Larger recruitment variability: the standard deviation of log recruitment =0.6, instead of 0.4 

as in the Base Case; 

c) “Rob9”: Assuming senescence (M=0.12 for ages 0 to 9 and M=0.5 for ages 10+);  

d) “Rob10”: Assuming that M follows an allometric shape (i.e., Lorenzen M), where 𝑀𝑦,𝑎 =

0.12(𝑊𝑦,𝑎)
−0.305

; and 

e) “Rob11”: Decrease the doming in the commercial selectivities, by fixing the parameter values for the 

right side (higher ages) half-normal to double their values for the base case OM. 

 

Results 

Table 1 provides the results, with Hessian-based CVs, for the Operating Models specified above. 
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Base Case: OM1 

Figure 1 provides estimated trajectories for various biomass components, fishing mortality and recruitment, 

as well as showing a spawning stock-recruitment plot for OM1. Figure 2 shows estimated survey and 

commercial selectivities for OM1. Figures 3 and 4 shows fits of OM1 to the various survey abundance indices 

and catch-at-age data sets. 

 

OM1 vs Robustness tests 

Figure 5 compares results for OM1 with Rob2, increasing the recruitment variability. 

Figure 6 compares results for OM1 with the robustness tests which have different natural mortality 

assumptions: Rob9 (M10+=0.5) and Rob10 (Lorenzen M). The selectivities estimated for these two robustness 

tests are shown in Figure 7. 

Figure 8 compares results for OM1 with Rob11 (less doming for the commercial selectivities), with the 

selectivities shown in Figure 9. 

Figure 10 shows retrospective analyses for the Base Case (OM1). 

 

Discussion 

Some notable features of the results are as follows:  

OM1 Base Case 

• There has been a recent slight downward trend in exploitable biomass, but this is likely to reverse 

quite soon given that the estimates of incoming recruitment are of above recent average strength. 

• The fits to abundance indices and catch-at-age data continue to be reasonable. 

 

Robustness tests 

• No notable difference between the Base Case and the sensitivity with larger recruitment variability 

(Rob1). 

• The sensitivity with Lorenzen M (Rob10) fits the data marginally better than the Base Case (total 

negative log-likelihood of -585.65 compared to -583.75 for the Base Case). 

• The fit to the commercial CAA data is unsurprisingly worse when the selectivities are forced to be less 

domed (Rob11). In this sensitivity the initial biomass is estimated to be at a very low proportion of 

carrying capacity. There is little by way of changes from the retrospective analyses, except for a scale 

change prior to 2018. Mohn’s rho values are generally small.   



3 

 

Northwest Atlantic Fisheries Organization   www.nafo.int 

Table 1. Results from fits of the Base Case and Robustness tests. Hessian-based CVs are shown in 

parentheses. Values shown in bold are fixed on input. B5-9 is the biomass of fish aged 5 to 9. 
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Figure 1. Results for the Base Case (OM1). The spawning stock-recruitment plot shows the Beverton-Holt 

curves estimated. Fbar5-9 is the average fishing mortality on fish aged 5 to 9.  

 

 

 

 

Figure 2. Estimated selectivities for the Base Case (OM1). 
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Figure 3a. Fits (and residuals) to the Canadian survey data for the Base Case (OM1). For the fit to the CAA 

data, the sizes of the bubbles are proportional to the sizes of the residuals. Positive residuals are 

shown in pink, while negative residuals are shown in white. 
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Figure 3b. Fits (and residuals) to the EU survey data for Base Case (OM1). For the fit to the CAA data, the sizes 

of the bubbles are proportional to the sizes of the residuals. Positive residuals are shown in pink, 

while negative residuals are shown in white. 

 

 

 

 

Figure 4. Fits (and residuals) to the commercial CAA data for the Base Case (OM1). The sizes of the bubbles 

are proportional to the sizes of the residuals. Positive residuals are shown in pink, while negative 

residuals are shown in white. 
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Figure 5. Results for Base Case (OM1, in red) and Rob12 (larger recruitment variability) (in orange). The 

spawning stock-recruitment plot shows the Beverton-Holt curves estimated.  
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Figure 6. Results for the Base Case (OM1 - red), Rob9 (senescence - green) and Rob10 (Lorenzen M – blue). 

 

 

 

Figure 7. Estimated selectivities for the Rob9 and Rob10. 
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Figure 8. Results for the Base Case (OM1 - red) and Rob11 (less doming for the commercial selectivities - 

black). 

 

 

 

 

 

Figure 9. Estimated selectivities for Rob11. 
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Figure 10. Results of a retrospective analysis for the Base Case (OM1), with Mohn’s rho values. 
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Appendix A 

Algebraic details of the Statistical Catch-at-Age Model 

 

The text following sets out the equations and other general specifications of the Statistical Catch-at-Age (SCAA) 

assessment model applied to Greenland halibut, followed by details of the contributions to the (penalised) log-

likelihood function from the different sources of data available and assumptions concerning the stock-

recruitment relationship. Quasi-Newton minimization is applied to minimize the total negative log-likelihood 

function to estimate parameter values (the package AD Model BuilderTM, Otter Research, Ltd is used for this 

purpose). 

 

Where options are provided under a particular section, the section concludes with a statement in bold as to 

which option was selected for the baseline run. 

 

A.1. Population dynamics 

A.1.1 Numbers-at-age 

The resource dynamics are modelled by the following set of population dynamics equations: 

𝑁𝑦+1,0 = 𝑅𝑦+1 (A.1) 

𝑁𝑦+1,𝑎+1 = 𝑁𝑦,𝑎𝑒−𝑍𝑦,𝑎     for 0  a  m – 2 (A.2) 

𝑁𝑦+1,𝑚 = 𝑁𝑦,𝑚−1𝑒−𝑍𝑦,𝑚−1 + 𝑁𝑦,𝑚𝑒−𝑍𝑦,𝑚      (A.3) 

where 

𝑁𝑦,𝑎   is the number of fish of age a at the start of year y, 

𝑅𝑦 is the recruitment (number of 0-year-old fish) at the start of year y, 

m is the maximum age considered (taken to be a plus-group = 14). 

𝑍𝑦,𝑎 = 𝐹𝑦𝑆𝑦,𝑎 + 𝑀𝑎 is the total mortality in year y on fish of age a, where 

𝑀𝑎   denotes the natural mortality rate for fish of age a, 

𝐹𝑦 
is the fishing mortality of a fully selected age class in year y, and 

𝑆𝑦,𝑎 
is the commercial selectivity at age a for year y. 

 

A.1.2. Recruitment 

The number of recruits (i.e. new 0-year olds) at the start of year y is assumed to be related to the spawning 

stock size (i.e. the biomass of mature fish) by Beverton-Holt stock-recruitment relationship, allowing for annual 

fluctuation about the deterministic relationship.  

 

𝑅𝑦 =
𝛼𝐵𝑦

𝑠𝑝

𝛽+𝐵𝑦
𝑠𝑝 𝑒(𝜑𝑦−(𝜎𝑅)2 2⁄ ) (A.4) 

 

where 

 and   are spawning biomass-recruitment relationship parameters,  

𝜑𝑦 reflects fluctuation about the expected recruitment for year y, which is assumed to be normally 

distributed with standard deviation R (which is input in the applications considered here); these 

residuals are treated as estimable parameters in the model fitting process.  

𝐵𝑦
𝑠𝑝

 is the spawning biomass at the start of year y, computed as: 

𝐵𝑦
𝑠𝑝

= ∑ 𝑓𝑎
𝑚
𝑎=1 𝑤𝑦,𝑎

𝑠𝑡𝑟𝑡𝑁𝑦,𝑎 (A.5) 

where  

𝑤𝑦,𝑎
𝑠𝑡𝑟𝑡   is the mass of fish of age a during spawning, and  

𝑓𝑎  is the proportion of fish of age a that are mature. 
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In order to work with estimable parameters that are more biologically meaningful, the stock-recruitment 

relationship is re-parameterised in terms of the pre-exploitation (virgin) equilibrium spawning biomass 𝐵0 and 

the steepness, h, of the stock-recruitment relationship, which is the proportion of the virgin recruitment 𝑅0 that 

is realised at a spawning biomass level of 20% of the virgin spawning biomass: 

𝛼 =
4ℎ𝑅0

5ℎ−1
 (A.6) 

and 

𝛽 =
𝐵0(1−ℎ)

5ℎ−1
 (A.7) 

where 

𝑅0 = 𝐵0 [∑ 𝑓𝑎𝑤𝑦0,𝑎
𝑠𝑡𝑟𝑡𝑒𝑥𝑝(− ∑ 𝑀𝑎′

𝑎−1
𝑎′=0 ) + 𝑓𝑚𝑤𝑦0,𝑚

𝑠𝑡𝑟𝑡
𝑒𝑥𝑝(− ∑ 𝑀𝑎′

𝑚−1
𝑎′=0

)

1−𝑒𝑥𝑝(−𝑀𝑚)
𝑚−1
𝑎=1 ]⁄  (A.8) 

 

For baseline run, h is fixed to 0.6 and R=0.4. 

 

A.1.3. Total catch and catches-at-age 

The total catch by mass in year y is given by: 

𝐶𝑦 = ∑ 𝑤𝑦,𝑎
𝑚𝑖𝑑𝐶𝑦,𝑎

𝑚
𝑎=0 = ∑ 𝑤𝑦,𝑎

𝑚𝑖𝑑𝑁𝑦,𝑎𝑆𝑦,𝑎𝐹𝑦 (1 − 𝑒−𝑍𝑦,𝑎) 𝑍𝑦,𝑎⁄𝑚
𝑎=0  (A.9) 

where 

𝑤𝑦,𝑎
𝑚𝑖𝑑  denotes the mass of fish of age a landed in year y, 

𝐶𝑦,𝑎 is the catch-at-age, i.e. the number of fish of age a, caught in year y. 

 

A.1.4. Initial conditions 

As the first year for which catch data are available for the Greenland halibut stock considered does not 

correspond to the first year of (appreciable) exploitation, one cannot necessarily make the conventional 

assumption in the application of SCAA’s that this initial year reflects a population (and its age-structure) at pre-

exploitation equilibrium. For the first year (y0=1960) considered in the model therefore, the starting numbers-

at-age 0 are estimated directly and an average fishing mortality is applied for ages 1 to m: 

𝑁𝑦0,𝑎 = {

𝑁𝑦0,0 for 𝑎 = 0

𝑁𝑦0,𝑎−1𝑒−(𝑀𝑎−1+𝜗) for 1 < 𝑎 < 𝑚

𝑁𝑦0,𝑚−1𝑒−(𝑀𝑚−1+𝜗) (1 − 𝑒−(𝑀𝑚+𝜗))⁄ for 𝑎 = 𝑚

  (A.10) 

where 𝜗  characterises the average fishing proportion over the years immediately preceding y0. Bounds of (0; 

1) are imposed on 𝜗. 

 

The following penalties are added to the total negative log-likelihood: 

𝑝𝑒𝑛𝑁0 =
(𝑙𝑛𝑁𝑦0,0−𝑙𝑛𝑅𝑜)

2

2𝜎𝑅
2  (A.11) 

where 𝑅𝑜 is the recruitment expected at carrying capacity 

and 

𝑝𝑒𝑛𝜗 =
𝜗2

2𝜎𝜗
2 (A.12) 

with 𝜎𝜗 = 0.1 

 

 

A.2. The (penalised) likelihood function 

The model can be fit to (a subset of) survey biomass indices, and commercial and survey catch-at-age and catch-

at-age data to estimate model parameters (which may include residuals about the stock-recruitment function, 
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facilitated through the incorporation of a penalty function described below). Contributions by each of these to 

the negative of the (penalised) log-likelihood (-lnL) are as follows.  

 

A.2.1. Survey biomass data 

The likelihood is calculated assuming that a survey biomass index is lognormally distributed about its expected 

value:  

𝐼𝑦
𝑖 = 𝐼𝑦

𝑖 𝑒𝜀𝑦
𝑖

      or      𝜀𝑦
𝑖 = 𝑙𝑛(𝐼𝑦

𝑖 ) − 𝑙𝑛(𝐼𝑦
𝑖 ) (A.13) 

where 

𝐼𝑦
𝑖  is the survey index for survey i in year y, 

𝐼𝑦
𝑖 = �̂�𝑖�̂�𝑦

𝑖  is the corresponding model estimate, where 

�̂�𝑖 is the constant of proportionality (catchability) for the survey biomass series i, and 

𝜀𝑦
𝑖  from 𝑁 (0, (𝜎𝑦

𝑖 )
2

). 

 

The model estimate of survey biomass index is computed as: 

𝐵𝑦
𝑖 = ∑ 𝑤𝑦,𝑎

𝑖 𝑆𝑎
𝑖 𝑁𝑦,𝑎𝑒−𝑍𝑦,𝑎𝑇𝑖 12⁄𝑚

𝑎=0  (A.14) 

where  

𝑆𝑎
𝑖       is the survey selectivity for age a, which is taken to be year-independent. 

𝑇𝑖       is the month in which the survey is taking place (see Table App.A1), and 

𝑤𝑦,𝑎
𝑖  denotes the mass of fish of age a from survey i in year y. 

 

Note: Only catch weights-at-age (Appendix B, Table B3) are available, so that 𝑤𝑦,𝑎
𝑠𝑡𝑟𝑡 = 𝑤𝑦,𝑎

𝑚𝑖𝑑 = 𝑤𝑦,𝑎
𝑖 . 

 

The contribution of the survey biomass data to the negative of the log-likelihood function (after removal of 

constants) is then given by: 

−𝑙𝑛𝐿survey = ∑ ∑ {𝑙𝑛 (√(𝜎𝑦
𝑖 )

2
+ (𝜎𝐴𝑑𝑑

𝑖 )
2

) +
(𝜀𝑦

𝑖 )
2

2((𝜎𝑦
𝑖 )

2
+(𝜎𝐴𝑑𝑑

𝑖 )
2

)
}𝑦𝑖  (A.15) 

where  

𝜎𝑦
𝑖  is the standard deviation of the residuals for the logarithm of index i in year y, and 

𝜎𝐴𝑑𝑑
𝑖  is the square root of the additional variance for survey biomass series i, which is estimated in the model 

fitting procedure, with an upper bound of 0.5. 

 

In this case, however, external estimates of 𝜎𝑦
𝑖  (from survey sampling variance) are not available. So 

homoscedasticity of residuals is assumed, so that estimation of additional variance falls away and 𝜎𝑦
𝑖 = 𝜎𝑖  is 

estimated directly in the fitting procedure by its maximum likelihood value (with a minimum estimate of 0.15 

imposed to prevent overweighting through overfitting). 

 

The constant of proportionality 𝑞𝑖 for survey biomass index i is estimated by its maximum likelihood value: 

𝑙𝑛𝑞𝑖 =
1

𝑛𝑖
∑ (𝑙𝑛𝐼𝑦

𝑖 − 𝑙𝑛𝐵𝑦
𝑖 )𝑦  (A.16) 

 

A.2.3. Commercial catches-at-age 

The “sqrt(p)” method is used to compute the contribution of the catch-at-age data to the negative of the log-

likelihood function. The formulation mimics a multinomial form for the error distribution by forcing near-

equivalent variance-mean relationship for the error distributions: 

−𝑙𝑛𝐿𝐶𝐴𝐴 = 𝑤𝐶𝐴𝐴 ∑ ∑ [𝑙𝑛(𝜎𝑐𝑜𝑚) + (√𝑙𝑛𝑝𝑦,𝑎 − √𝑙𝑛�̂�𝑦,𝑎)
2

2(𝜎𝑎
𝑐𝑜𝑚)2⁄ ]𝑎𝑦  (A.17) 



14 

 

Northwest Atlantic Fisheries Organization   www.nafo.int 

where  

𝑝𝑦,𝑎 = 𝐶𝑦,𝑎 ∑ 𝐶𝑦,𝑎′𝑎′⁄    is the observed proportion of fish caught in year y that are of age a, 

�̂�𝑦,𝑎 = �̂�𝑦,𝑎 ∑ �̂�𝑦,𝑎′𝑎′⁄     is the model-predicted proportion of fish caught in year y that are of age a,  

with 

�̂�𝑦,𝑎 = 𝑁𝑦,𝑎𝑆𝑦,𝑎𝐹𝑦 (1 − 𝑒−𝑍𝑦,𝑎) 𝑍𝑦,𝑎⁄  (A.18) 

and 

𝜎𝑎
𝑐𝑜𝑚 is the standard deviation associated with the catch-at-age data, which is estimated in the fitting 

procedure by: 

�̂�𝑎
𝑐𝑜𝑚 = √∑ (√𝑙𝑛𝑝𝑦,𝑎 − √𝑙𝑛�̂�𝑦,𝑎)

2

𝑦 ∑ 1𝑦⁄  (A.19) 

 

The 𝑤𝐶𝐴𝐴 weighting factor in equation A.17 may be set to a value less than 1 to down-weight the contribution 

of the catch-at-age data (which tend to be positively correlated between adjacent age groups) to the overall 

negative log-likelihood compared to that of the survey biomass data.  

 

Commercial catches-at-age are incorporated in the likelihood function using equation (A.17), for which the 

summation over age a is taken from age aminus (considered as a minus group) to aplus (a plus group).  

 

For the baseline run, 𝒘𝑪𝑨𝑨 = 𝟎. 𝟐.  

 

A.2.4. Survey catches-at-age 

The survey catches-at-age are incorporated into the negative of the log-likelihood in an analogous manner to 

the commercial catches-at-age, assuming an “adjusted” lognormal error distribution (equation (A.17)) where: 

𝑝𝑦,𝑎
𝑖 = 𝐶𝑦,𝑎

𝑖 ∑ 𝐶𝑦,𝑎′
𝑖

𝑎′⁄   is the observed proportion of fish of age a in year y for survey i, 

�̂�𝑦,𝑎
𝑖  is the expected proportion of fish of age a in year y in the survey i, given by: 

�̂�𝑦,𝑎
𝑖 = 𝑆𝑎

𝑖 𝑁𝑦,𝑎𝑒−𝑍𝑦,𝑎𝑇𝑖 12⁄ ∑ 𝑆𝑎′
𝑖 𝑁𝑦,𝑎′𝑒

−𝑍𝑦,𝑎′𝑇𝑖 12⁄
𝑎′⁄  (A.20) 

 

For the survey CAA, 𝒘𝑪𝑨𝑨  is also set to 0.2 

 

A.2.5. Stock-recruitment function residuals 

The stock-recruitment residuals are assumed to be lognormally distributed. Thus, the contribution of the 

recruitment residuals to the negative of the (now penalised) log-likelihood function is given by: 

 

−𝑙𝑛𝐿𝑝𝑒𝑛 = ∑ (𝜑𝑦
2 2𝜎𝑅

2⁄ )
𝑦2
𝑦=𝑦1

 (A.21) 

where 

𝜑𝑦 from 𝑁(0, 𝜎𝑅
2), 

𝜎𝑅  is the standard deviation of the log-residuals, which is input. 

 

For the baseline run,  𝝈𝑹=0.4 

 

B.2.7. Catches 

 

−𝑙𝑛𝐿𝐶𝑎𝑡𝑐ℎ = ∑
𝑙𝑛𝐶𝑦−𝑙𝑛�̂�𝑦

2𝜎𝐶
2𝑦  (A.22) 

 

 where  

𝐶𝑦 is the observed catch in year y, 
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�̂�𝑦 is the predicted catch in year y (equation A.9), and 

𝜎𝐶 = 0.1 is the input CV input. 

 

A.3. Estimation of precision 

Where quoted, CV’s or 90% probability interval estimates are based on the Hessian. 

 

A.4. Model parameters 

A.4.1. Fishing selectivity-at-age: 

For the surveys, the fishing selectivities are either estimated separately for ages a1 to a2 or are modelled by a 

double normal shape: 

𝑆𝑎 = {

𝑒𝑥𝑝 (−
(𝑎−𝑎𝑚𝑎𝑥)2

2𝜎𝑙𝑒𝑓𝑡
2 ) for 𝑎 ≤ 𝑎𝑚𝑎𝑥

𝑒𝑥𝑝 (−
(𝑎−𝑎𝑚𝑎𝑥)2

2𝜎𝑟𝑖𝑔ℎ𝑡
2 ) for 𝑎 > 𝑎𝑚𝑎𝑥

 (A.23) 

where 𝜎𝑙𝑒𝑓𝑡 , 𝜎𝑟𝑖𝑔ℎ𝑡  and 𝑎𝑚𝑎𝑥  are estimable parameters. 

 
When the fishing selectivity is estimated separately for ages a1 to a2, the selectivity is taken to increase 
exponentially from age 0 to a1-1 and to remain flat above a2: 
 

𝑆𝑎 = {

𝑆𝑎+1
𝑆𝑎1

𝑆𝑎1+1
𝑎 < 𝑎1

estimated freely 𝑎1 ≤ 𝑎 ≤ 𝑎2

𝑆𝑎2
𝑎 > 𝑎2

 (A.24) 

 
The double normal selectivity is used for the three Canadian surveys (Can. Autumn 2J3K, Can. Spring 3LNO 
and Can. Autumn 3LNO) as well as the EU 3NO survey. For the EU 3M surveys (0-700m and 0-1400m), the 
selectivities are estimated separately for ages 1 to 9 and 4 to 10 respectively (ages a1 and a2 above).   
 
The commercial fishing selectivities are modelled by a double-normal shape. For the baseline run, the 
selectivity is estimated for each of four periods: 1960-1989, 1990-1995, 1996-2003 and 2004+. 
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A.4.2. Other parameters 
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Appendix B  

 

The data 

Table B1. Landings (tons) for Greenland Halibut in Sub-area 2 and Div. 3KLMNO. 
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Table B2. Commercial catch at age matrix (000s) for Greenland Halibut in Sub-Area 2 and Divisions 

3KLMNO.  
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Table B3. Catch weights-at-age (kg) matrix for Greenland Halibut in Sub-Area 2 and Divisions 3KLMNO. Pre-

1975 weights-at-age are taken as the 1975-1979 average.  
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Table B4. Proportion mature-at-age for Greenland Halibut in Sub-Area 2 and Divisions 3KLMNO. 
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Table B5. Survey catch-at-age data (numbers) and biomass indices (mean weight (kg) per tow) for 

Greenland Halibut in Sub-Area 2 and Divisions 3KLMNO. 
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Table B5. continued 

 


