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GUlland's virtual population analYSis (Gulland 1965) is an extremely useful 

technique when assessing a fishery, because it enables estiBat .. of population at 

age and fishing mortality to be made independently of the measurement of effort. 

These estimates are however subject to varioUs errors which might adversely 

affect an assessment. What causes these errors and how can their magni tude be 

calculated? 

1. Cohort analysis as an approximation to virtual population analYSis 

Definition of symbols used: 

M is the instantaneous coefficient of Natural Mortality, 

F is the instantaneous coefficient of Fishing Mortality: 

Z is the instantaneous coefficient of Total Mortality; 

Ni is the p~ulation of a year-class at the ith birthday; 

Ci is the catch of a year-claas at age i; 

t is the last age of a year-class for which catch data are available; 

exp is the exponential function. 

Cohort analysis is a new form of virtual population analysis developed by 

the author. It is in fact an approximation to GUlland's virtual population analy-

sis which is usable at least 1&p to Tala. of II .. O.~ and F .. 1.2. A detailed 

explanation of the method will be the subject of a later publication - this 

research document is intended only to give so •• indications of the results relat-

in~ to errors. The method is based n the approximate formula 

Ni = Ci exp {M/2} + .1+1 up {II} ........................................................ 1 .1 

Thus. us ing 1.1 as a recurrence relationship. 

Ii. = C. exp {M/2 ~ 
~ 1 . + Ci + 1 exp {3H/2} + Ci + 2 exp {5M/21··· 

... ., 4· Nt exp ~(t - i)M} ................................................................................................ , 1 .2 
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As with Gulland's virtual populat1oa eaalya1. It has tva possible forms. The 

first form is when Ct refers·to the catch in year t only, which is the case with 

the last year's catch of a year-class which is still being fished. 

In this case 

CtZt 
It = Ft (f~ exp (-Zt}} ................................................................ 1.3 

and consequently 

Hi = Ci exp {M/2} + C1+ 1 exp {3M/2} + C1+ 2 exp {5M/2} + 

+ at Zt exp {(t- i)M 1 
, t .................................. .. F

t 
C 1 - exp I -Z}) • .. .............................................. .. 1.4 

The second form ia when Ct refers to the catch in year t and all subsequent years. 

This ie usually the caee with a cOllpletely fished year-class. In this caee 

Ct Z 
Nt = ----I Ft 

....................•............................... 

and consequently 

Hi = Ci exp {M/2} + Ci + 1 exp {3M/2} + C1 + 2 exp {5M/2} + 

+ Ct ~t exp f (t - i) M} ...................................................................................... 
F

t 

In either case 

Fi .. loge {lrJI1 + I} - M. ................................................ " .................. .. 

1.5 

1.6 

1.7 

The closeness with ~ich thea. for.ula. approximate the results of virtual popu-

lation anslysis can be judged frOlB !able 1 where results of both lIIethods are 

compared. It can be seen that in .. case do the eat1llates given by the tvo 

Ilethods differ by lIIore than 2!1>. Consequently an investigation of the errors of 

cohort anslysis is an approxiEte investigation of the errors of Gulland's virtual 

population analysis. It can be .een frolll equatiOll8 1.4 and 1.6 that errors in Hi' 

and conae'quentl3' errors in 1'1' can 11. introclued. by the incorrect choice .f F t and 

by the ... pling errors ia .... c1• !hese two .oure_ ot .rror are in'lestigated 

in the next tvo .ections. Errore 1a .• can aleo oauee errors in Ii and F i' but 

for the purpose of this docua.nt M will be oonsidered as fixed. 
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2. Error in cohort .. ~1a duo to tbe l_root choioo of~, 

If an incorrect value 't 1a chosen for the terainal fishing mortality when 

its true varue is i\, then t;he proportional error in lit, p(lIt ). is given as 

follows in the case when Ct; is the catch in year t only: 

p(lIt ) a 

Zt;t (1 - up (-Ztl) 
Zt 1\ { 1 - up {- Zt \ ) 

- 1 I ................................ 
since 

p(Ni ) = p(N i + 1) up {- 'i} ......................................... 
it followe that 

( 
Z, "t (1 - up {-Z, '\ ) 

p(lI i ) = Z't't {I - up {-Zt} ) -1) up (-'i- 'i+l 
for small values of Z this is approximately given by 

-

... 't- I} ; ••• 

p(B i )" (t;t 't } up {-, i -, i + 1 ••• 't _ 1 } .......................... 

2.1 

2.2 

2.~ 

2.4 

while for larger values of Z this formula tends to overstate the error and is 

therefore still of some value. 

A 9imil~r formula to 2.4 lives ,(IIi)' the proportional error in N. w~en 
p 1 

C t is the catch in year t and all subsequent years. In this case 

" (¥t -Ft ) ,(Ii) = r. F exp {-'i ••• -Pt-l} 
p t t 

............................. 2.5 

and therefore 

p' (Ni ) = l; p (Ii1) • ••••••••••••••••••••••••••••••••••••••••••••••••••• 2.6 

It 18theretore saple to ooavert a table ot p(li ) 1Jate a t:able of p,(l i ). In 

either case ths proportional orror of 11' i' P (Pi)' is liven approximately by the 

fOl'llula 

p('i) .. - p(li ) 
1 + (I)' 

p i 

......................................... 2.7 

Figures 1 and 2 show graphs of p(li ) and p(Fi ) plotted against the sum of 

the fishing mortality from year 1 to year t - 1 (cumulative fishing mortality). 

It can be seen that the underestimation of 't results in estimates of Ni which 

are too large and estiaates of 'i which are too small, whereas overestimRting Ft 

has the reverse effect. It caD a180 be seen that as the cumulntlve fishing mor-
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tality ~creases, both types of error decre .. e. As an exaaple, if F
t 

was 

overestimated by 100% for a year-class and the cumulative fishing mortality from 

year 1 to year t - 1 was 2.0, then the percentage error in Ni would at most be 

-7% and the percentage error in Fi would be +7%. If, howBYer, 't was underestima 

by 50% and the cumulative fishing mortality was equal to 2.0, then the percentage 
Hi would be at the .ost 14% and the percentage error in 

error inili would be -1~. Thus, provided that Ft can be estjmated within this 

range and provided that the cumulative fishing mortality is greater then 2.0, the 

error in the estimates of Ni and Fi should be small enough for most uses. If, 

however, the cumulative fishing mortality is saall, which is the case when the num-

ber of recruits to a yea~class is estiaated from the catches of partially recruited 

age groups, then the accurate estiaation of Ni and 'i will require the accurate 

choice of Ft' It should alao be reali.ed that since the cumUlative fishi~ mo~ 

tality 16 the sum of the fishing mortalities fro. age i to age t - 1 it must, for 

a particulnr yea~class, be a aonotonically decreasing function of age. Hence the 

bias in 'i caused by the incorrect choice of 't will be greatest amongst the oldes. 

age groups and this say upset estimates of selectivity with age. Table 2 shows the 

results of a cohort analysis for the 1956 year-class of the Arcta-Norwegian cod. 

This .. sumes that the true values of M and 't are 0.3 and 0.8 respectively and 

ehovs the percentage errore 18 Ii ad "i wh. "t is ouresU_ted by 100% or 

underestimated b1 5ot. !h .. e errors were computed by reruaning the data with 

the appropriate value of F t ud are therefore precise. It can be sesn that these 

percentage errors are similar but, in general, smaller than their estimates in 

Figures 1 and 2. 

3. Error in cohort analysis due to the supling error of Ci 

Unlike the estimate of 't' which is usually an arbitrar,r choice, each esti­

mate of catch at age can be aseigned a variance, although this is seldom available, 

due to the heavy work involved in its oo~utation (S88 Gulland 1955). Assuming 

such variances to be available it is a siaple satter to compute the resulting 

",ariance of Ni and Fi , since 

variance (Ni ) = variance (cil up {M1 + variance (lli+ 1) e:r:p (2M} , ••• 3.1 

and this may be used as a recurrence relationship to 0 btain 

variance (Ii) = variance (Ci ) up rM~ + variance (Ci + 1) exp (31'1)+ ... 

< 

• 

exp t2(t- i)M} (Ft + 11)2 

2 ( [ . 2 F t 1 - e:r:p -, t - M1 ) 

.......................... 3.2 ••• + variance (Ct ) 

which is a very similar rOl'llula to 1.4. 
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The equivalent variance of , i caa be approKt.atecl. lIince 

'i=lGgetK!1I1+1) -M •••••••••••••••••••••••••••••••••.•••.•..•••••• 3.3 

which yields approximately 

variance 
varianoe (.i) 

(Fi )" ~ 
1 

variance (11 + 1 ) 
+ --2 • 

11+ 1 

2 variaDce (.1. ,) up (II t • 
·1 ·1+1 

.. ........................................................................... .. 3.4 

" 

EquatiolUl 3.2 and 3.4 llhould be ueed to calculate the .... pective varianc811 of .1 

and , i in a particular cue, !Nt in order to appreoute the apprOK1aate magnitude 

of theee varitmc .. the followillC approd_te fOl'llUlae are .. efull 

(yariance ratio li)2 .. (varianoe ratio C
1

)2 n ... up {""11 )2. 

2 ' 2 
+ {nr1ance ratio 11+ 1) (up (-'d) J ••••••• ••••••• 3.5 

2 ( 1 - ~ {-p 11 )2 fr 2 
(variance ratio F 1) .. ~ ~ variance ratio C i) + 

'+ (variance ratiO N
i

+ 1 )2) . .... .... ............... ........ .............. 3.6 

'igure '5 shovs graphs of these formulae for eech year from the final year, 

that is for the number of years from the eetimate in queetion to the final year. 
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The grapha are given for the caee when the variance ratio of the catch-at-ace " 

data ill constant, and when the fishing aortality 10 constant throue,hout the life 

of the fish. Although theee conditione are unrealistic, the rapid convergence of 

the graphs to aeymptotic valUllII doee 1I~ .. t· that the grapha would indicate the 

approximate value of the variance ratio of the elltimatell of Ni and F., even when 
. 1 

F. is not constant froll year to year. 
1 

As an e:uaple of the use of the graph, the 

estimate of N5 (for a year-cla •• with an old .. t age group of 12 years old, 

eKperiencing a fillhing mortality of 0.6 per year) would have a variance ratio of 

appro~mately 54% of the variance ratio of the catch data. Siailarly the esti­

mate of F5 would have a variance ratio of approKiaately 85j of the variance ratio 

of the catch data. Hence. if the Tariance ratio of the catch data wa~ 10%, then 

the variance rafios of 15 and F5 would be 5.4% and 8.~ respectively. As a 

result the approximate 95% confidence limit. for the'eatiaates would be ! IO.~ of 

the estimate of 15 and 17.0% of the elltimate of 'S. 

Table 3 shows the 1956 Arctc-Norwegian cod rellults, together with the 

standard deviations and variance ratios of 11 and Fi • Theee were computed from 

equations 3.2 and 3.4 on the aeeuapt10n that the Yarianoe ratio of the catch data 
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at Mch age W8.8 1<l11'. It caD H a_ that tbe variaace rat10a of these estillates 

are ~ot very different froB thoee which would have been predicted by entering the 

graphs of Figure 3 with appropriate values of 'i at the asymptotic parte of the 

graphs. Thus Figure 3 should pJ:OYe to be of a_ value in providing quick 

.. t_t_ of the n.rianoe raUN of Ii u( 'i for _y ;rea,l'-Cleas which has 

catch data which have approxiaately ooaatant varience ratios. 

:;:'.1:1. 

, 
.' . 
• • 't ., . 

,.J 
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~f,' , / 

" >-
. " 4. SWIIIII&ry 

This dOCUllllllt prCYides fOl'llulae for calculating the error introduced 111 

'I!'\:'"~' 
''r-,:' .' ,~~, 

. I 
• y .• 

cohor1: analysis (and therefore virtual population analysis) by errore in Ft and 

by the aaapling error of catch data. It alao prCYides some quick estimates of 

the likely size of such errore. These esti .. t .. suggest that such errore con-

verge to fairly small values. but they alao suggest that a knowledge of the 

approximate value of these errore will alwaya be a safeguard against misinterpre-

tat ion of data! 
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GULLAND. J. A., 1955. Estimation of growth and mortality in commercial fish 

populations. Fishery Inveat., London, Ser. 2, ~(9). 
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Table 1 Coapariaon of the r .. ulte of Yirtual population analysis and cobort 
ana lysie 

Areto-Norwegian ood, 1956 year-claae 

M = 0.3 

1 • Virtual population analysie 

2. Cohort analye1a 

Age Fishing mortality, P
n (years ) 

Population Hi x 10-6 

(1 ) (2) ~ (1 ) (2) 
'" error error -12 0.8000" 0.8000* 0.2 0.2 

11 1.3400 1.3670 2 1 • 1 1,1 0 
10 0.7826 0.7806 3.1 3.2 2 

9 0.6768 0.6747 8.3 8.5 2 

8 0.6582 0.6570 . 21.7 22.2 2 

7 0.8636 0.8657 69.6 71.2 2 

6 0.7341 0.7333 195.6 200.1 2 

5 0.4289 0.4261 405.5 413.6 2 

4 0.1874 0.1854 1 660.2 672.0 2 

3 0.0411 0.0405 1 92S.5 944.7 2 
2 0.0024 0.0024 1256.4 1278.2 2 
• 
1 0.0007 0.0007 1697.1 1726.6 2 -

-Ulllllled 
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Table 3 Standard4.viationa aDd variUICe ratio. of 11 and , i oalculated tor 

the 1956 Arcto-!lorveci&D cod,a88U11ing that the variance ratio tor 
the catch at each agell' ... lOJ'and thatM .. 0.3 and, t - 0.8 

Age 
(years) 

12 

11 

10 

9 
8 

7 

6 

5 
4 

3 
2 

·assumed 

11 x 10-6 

0.2 
1 .1 

3.2 
8.5 

22.2 

71.2 

ZOO. 1 

413.6 

672.0 

944.7 
1278.2 

1726.6 

'1 

0.8000* 

1.3670 

0.7806 

0.6747 

0.6570 

0.8657 

0.7333 

0.4261 

0.1854 

0.0405 

0.0024 

0.0007 

Standard deviation 

-6 
11 x 10 '1 

0.01449 

0.00361 

0.20763 

0.50349 
1.26666 

4.46487 
12.01878 

21.65851 

31.37061 

42.51186 

57.38580 
77.46281 
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0.09192 

0.06801 

0.05865 
0.05601 

0.06669 

0.06134 

0.04047 
0.01910 

0.00439 
0.00026 
0.00007 

Variance 
ratio (~) 

Ii 

7.60 

6.49 

5.92 
5.71 

6.27 

6.01 

5.24 

4.67 

4.50 

4.49 
4.49 

Pi 

6.72 

8.71 

7.51 

8.5' 
7.70 
8.36 

9.50 

10.30 
10.83 

10.77 
1 (). 5q 
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Cumulative fishing mortalities from year i to year t-l 

, Figure 1 Graphs of the percentage error in Ni due to incorrect values of Ft plotted 
against the cumulative fishing mortalities from year i to year t-l. 
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Cumulative fishing mortalities from year to year t-1 
Figure 2 Graphs of the percentage error in F i due to incorrect values of F t plotted 

against the cumulative fishing mortalities from year i to year t-1. 
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, ............ of the variance ratio of the catches , .... _-

" --"' --...... -------------0-2 
, --...... ------------- --------0-4 

...... 
...... 
---------- -- -- - - -- -- - -,0-6 

------- - -- ------- ---------0-8 

Variance ratio of Ni as a percentage 
~ 01 the variance ratio of the catches 

" 0 -8 

2 

~ 0-6 

4 

-" 0-4 

6 8 

----------0-2 

10 12 

Fishing Mortality t 
per year 

14 16 18 20 
Years of further exploitation It-i-ll 

Figure 3 Graphs of the percentage variance ratio of Fi and of Ni for various constant 
levels of fishing mortality plotted against the years of further exploitation_ 
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