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Gulland's virtuval population analysis (Gulland 1965) is an extremely useful
teéhnique when assessing a fishery, because it enables estimatss of population at
ége and fishing mortality to be made independently of the measurement of effort.
fhese estimates are however subject to various errors which might adversely
affect an assessment., What causes theaé erfors and how can their magnitude be
caleulated? |

1. Cohort analysis as an approximation to virtual populstion analygis

Definition of symbols used:

M is the instantaneous coefficient of Natural Mortality:

F bis the instantaneous coefficient of Fishing Mortality:

Z is the instantaneous coefficient of Total Mortality;

N, is the population of & year-class at the ith birthday;

C. is the catch of a year-claas at age i;

t is the last age of a year-class for which catch data are available;

exp is the exponential function.

Cohort analysis is a mew form of virtual population analysis developed by
the author. It is in fact an approximation to Gulland's virtual population analy-
éis which is usable at least upto valuesof M = 0.3 and F = 1.2, A detailed
explanation of the method will be the subject of a later publication ~ this
researc-h document is intended only to give some indications of the results relat—

ing to errors. The method is based n the approximate formuls

Ny=C, exp (W2} + 0, exp (M} ceiiieiiiiiinie, 1

Thus, using 1.1 as a recurrence relationship,

Fyo=C, exp {H/Z} +Cy, 4 exp {3&/2} +Cy, p exp {5&/2} "

cve N exp [(t - i)M)
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As with Gulland's virtual populatiom snalysis lt has two possible forms. The
first form is when Ct refer#'tolthe catch in year t only, which is the case with
the last year's catch of a year-class which is still being fished.
In this case

ctzt

s = = 1 . ..'-'...l"......-.-.......-.-.....'...I. 1'3
t P (1 - exp {=2,1)

and consequently
Ny=Cgoexp {W2] s+, exp {32} +cC, , exp (5W2}+

6, z, exp {(t-1)m}
Fo{1-exp { -2, })

- LR N N N N N T R R T T 1'4

The second form ia when Ct refers to the catch in year t and all subsequent yeers.

This is usually the case with a completely fished year-class. In this case

t F ..-..I..........O...'..l.‘.........I.l‘..t‘...l-l..l 1.5

and consequently

R, =C, exp {W2} + Cipq exp (W2} +C, , exp {514/;} +

. Ce % exp'{(t.- iym}

Fe

LA AR R R I I I B I R R T R 1.6

In either caae
FiIOSQ{l{/Ni'Pi} -ng a-o---o-ooo.o----.--oc----vo-ooocoo-o 1.7

The closeness with which these formulae approximate the results of virtual popU-
lation analysis can be judged from Table 1 whefe results of both methods are
compared, Ii can be geen that in 2o case do the estimates given by the two
methods differ by more than 2¥. Consequently an invéstigation of the errors of
cohort analysis is an approximate investigation of the errors of Gulland's virtual
population analysis. It can be seen from equations 1.4 and 1.6 that errors in L
and consequently errors in Pi’ can be introduced by the incorrect choice of Ft and
by the sampling errors in the ci. These two sources of error are investigated

in the next two sections. Errors in N can also cause errors in . and F

5 i’ but

for the purpose of this document M will be considered as fixed,
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2. Error in cohort analysis due to the imeerrect choice ufri

If an incorrect value Pt is chosen for the terminal fishing mortality when
its true value is it' then the proportional error in N, D(Nt), is given as

follows in the case when Ct is the catch in yoar‘t only:

2, F, (1-exp{-§_t
Z

oHy) = Z, F, (1 - exp (-

since
p(Ni) =p(Ni+1) exp [-Pi} ..ot......o.o.lO.t.o..no-ln.oo--.l'loo..- 2.2
it follows that

z ;t (1 - exp {-Zt} ) )
p(ui) = t"t (1 - exp {-zt}‘j -1/ exp f"i"ri+1 ees Ft-1 } Pees 2.3

for small values of Z this is approximately given by

Ft - Ft
p(ni)-{“_—l?_—} exp {-Fi-F1+1 s e Ft-1} L I R o O 2.4

t
while for larger values of Z this formula tends to overstate the error and is
therefore atill of some value.

A similar formula to 2.4 gives p,(Ni). the proportional error in Ni when

Ce is the catch in year t and all aubsequent years. In this case

F, -F
M £
p'(li) =Tt(f)ezp{-i.‘. -rt-1} I..‘.‘.-......l-........'.... 2.5

and therefore
p.(Ni) =%p(ni)’ ..b.l...'...'...‘.......0.'0'0"..-...".0-..CO...- 2'6

It is therefore simple to convert a table of p(li) inte a table of p,(Ni). In

‘either case the proportional error of Fi' p(ri). is given approximately by the

formulas

(n.)

(Fi)m- p i . PP EP S IR ORI LA B N I I N I I R R 2.7

p 1+ (N

p i
Figures { and 2 show graphs of p(Ii) and p(Fi) plotted against the sum of
the fishing mortality from year i1 to year t - 1 (cumulative fishing mortality).
It can be seen that the underestimation of Pt results in estimates of Ni which
are too large and estimntes of Fi which are too small. whereas overestimating P

t
has the reverse effect. It can also be seen that as the cumulative fishing mor-
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tality incresses, both types of error decrease. As an example, if Ft was
overestimated by 100% for a year-class and the cumulative fishing mortality from
year i to year t - 1 was 2,0, then the percentage error in Ni would at most be
-7% and the percentage error in Fi would be +T¥%, If, however, Ft was underestima
by 50% and the cumulative fishing mortality was equal to 2.0, then the percentage

Ny would be at the most 14% and the percentage error in
error iq(Fi would be -12%, Thus, provided that Ft can be estimeted within this
range and provided that the cumulative fishing mortality is greater than 2,0, the
error in the estimates of Ni and Fi should be small enough for most uses. If,
however, the cumulative fishing mortality is small, which is the case when the num-
ber of recruits to a year-class is estimated from the catches of partially recruited
age groups, then the accurate estimation of Ni and Fi will require the accurate
choice of Ft' It should also be realiged that since the cumulative fishing mor-
tality is the sum of the fishing mortalities from age i to age t = 1 it must, for
a particular year-class, be a monotonically decreasing function of age., Hence the
bias in Fi caused by the incorrect choice of Ft will be greatest amongst the oldes.
age groups and this may upset estimatés of selectivity with age. Table 2 shows the
results of a cohort analysis for the 1956 year-class of the Arcto-Norwegian cod.

This assumes that the true values of M and Ft are 0.3 and 0.8 respectively and

shows the percentage errors im N; sad 7, vhen ?, is overestimated by 100% or

underestimated by 50%. These errors were computed by rerumning the data with
the appropriate value of Ft and are therefore precise. It can be seen that these
percentage errors are similar but, in general, smaller then their estimates in

Figures 1 and 2.

3. Error in cohort analysis due to the sanpling error of Ci

Unlike the eastimate of Ft’ which is usually an arbitrary choice, each esti-
mate of catch at age can be aseigned a varisnce, although this is seldom available,
due to the heavy work involved in its computation (see Gulland 1955). Assuming
such variances to be available.it is a simple matter to compute the resulting
variance of Ni and Fi, aince
variance (Ri) = variance (Ci) exp {M} + variance (Hi+1) exp {2M} , ... 3.1
and this may be used as a recurrence relationship to obtain

variance (Ni) = variance (Ci) exp [HS + variance (Ci+ 1) exp {3M}+ -

..+ variance (c,) o {2(s- 1)K (7, + W)
F‘: (1-exp {-F, - H} )?

(A N B EEEE R R ERE NN NI IENI NN N 3.2

which is & very similar formula to 1.4.
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The equivalent variance of ’i can be approximated, since

Fi=1oge[Ni/ni+15 -H ............0."..-Il...'....l.ll..‘-.I.--l..l.. 3.3
which yields approximately

variance (II) 2 variance (lli 1) oxp (M }

variance (F)" - '
i 'i LI
"‘varmce (li+1) [ 4avrberrrse s ebadedavesssbrsersangTEREREsS 3.‘
‘ia-i

Equations 3.2 and 3.4 should be used to calculate the respective variances of Ni
and Fi in a particular case, but in order to appreciate the approximate magnitude

of these variances the following approximate forsulae are wseful;

{variance ratto !i)z =~ (variance ratie 01)2 {t~ axp {-'1} )2,
+ {variance ratioc ¥ )2 ( {-» } )2 3.5
i+1 exp 1 } 4 St et rranssacs s .

2
(1 - exp {-2,1)
{variance ratio F'i)2 -~ Pz{ :-I'-g (variance ratio Ci)z +

i

. 2 _
(Variance l'&tlo Ni+1)). LA R NN BN ERERNEENENERNNENZN NN NN NN NNNNNE NN NN NN 3'6

Figure 3 shows graphs of these formulae for each year from the final year,
that is for the number of years from the estimate in question to the final year,
The graphs are given for the case when the variance ratio of the catch-at-age ' éf
data is constant, and when the fishing mortality is constant throushout the life
of the fish. Although these conditions are unrealistic, the rapid convergence of
the graphs to aaympfotic values does suggest that the graphs would indicate the
approximate value of the varignce ratio of the estimates of Ni and Fi' even when
F‘i is not constant from year to year. As an example of the use of the graph, the
eatimate of Ns (for a year-class with an oldest age group of 12 years old,
experiencing a fishing mortality of 0.6 per year) would have a variance ratio of
approximately 54% of the variance ratio of the catch data. Similarly the esti-
mate of F5 would have a variance ratio of approximately 85% of the variance ratio
of the catch data, Hence, if the variance ratio of the catch data was 10%, then
the varisnce rafios of N and Fy would be 5.4% and 8,5% respectively., As a
result the approximate 95% confidence limits for the estimates would be : 10.8% of
the estimate of Ny and 17.0% of the estimate of Fg.
Table 3 shows the 1956 Arcto-Norwegian cod results, together with the

standard deviationa and variance ratios of Ei and Fi' These were computed from

equations 3.2 and 3.4 on the assumption that the variance ratio of the catch data
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at each age was 10K, It can be seen that the variance ratios of these estimates ég”:
are not very differeant from thoee which would have been predicted by entering the |
graphs of Figure 3 with appropriate values of Fi at the asymptotic parte of the
graphs., Thus Figure 3 should prove to be of some value in providing quick
estimates of the variance ratios of li and !1 for any year-class which has

catch data which have approximately constiant variance ratios.

4. Sumpmary

This document provides formulae for calculating the error introduced in

cohort apalysis (and therefore virtual population analysis} by errors in F, and
by the sampling error of catch data. It also provides some quick estimates of
the likely size of such errors. These estimates suggest that such errors con~-
verge to fairly small values, but they also suggest that & knowledge of the
approximate value of these errores will always be a safeguard sgainst misinterpre-

tation of data!
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Table |  Comparison of the results of virtual population analysis and cohort e
analysias ' “?
Arcto-Norwegian cod, 1956 year-class QETE%.
M=0,3 - e

1. Virtual population analysis
2. Cohort analysis

Age Fishing mortality, F Population N, x 10~6 _
(years) . a 1 o
(1) (2) % (1) (2) % '
arrox error

12 0,8000% 0.8000% 0.2 0.2

11 1.3400 1.3670 2 1.1 1.1 0

10 0.7626 0.7806 - 3.1 3,2 2

9 0.6768 0.6747 - 8.3 8.5 2

8 0.6582 0.6570 - - 21,7 22,2 2

7 0.8636  0.8657 - 69.6 .2 2

6 0. 7341 0.7333 - 195.6 200, 1 2

5 0.4289 0.4261 1 405.5 413.6 2

4 0.1874 0.1854 1 660,2 672.0 2

3 0.0411 0.0405 1 928.5 944.7 2

2 0.0024 0.0024 - 1256.4 1278.2 2

i 0.0007 0.0007 - 1697.1 1726.6 2

*assumed . -
‘
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6.72
8.7
7.51
8.53
7.70
8,36
9.50
10,30
10.83
10.77
11,59

ratio (%)

Variance
6.49
5.92
5.7
6.27
6.01
5.24
4.67
4,50
4,49
4.49

7.60

0.06801
0.05865
0.00439
0, 00026

0.06134
0.

0.09192
0.05601
~ 0.06669
0.04047
0.01910
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and thatM = 0,3 and Ft = 0,8

Standard deviation
0.01449

0.08361
0.20763
0.50%49
1.26666
4.46487
12,01878
21.65851
31.37061
42,51186
57.38580

T7.46281

o%

0.8000%

1.3670
0, 7806
0.6747
0.6570
0.8657
0.7333
0.4261
0.1854
0,0405
0.0024

0. 0007

F

li x 10'6
0.2
1.1
3.2
8.5

22,2
Tt.2
o1
413.6
672.0
944.7
1278,2

1726.6

Standarddeviations and variance ratioe of .1 and F:L calculated for
the 1956 Arcto-Norwegian cod,assuming that the variance ratio for

the catch at sach agewas 1

e
(years)

*agaumed

Table 3
12
11
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' Figure 1

Graphs of the percentage error in Nj due to incorrect values of F; plotted
against the cumulative fishing mortalities from year i to year t-1.

D10



- 10 -

50

é

of F;

\é
\\

\

Ft error

0 1 2 3 A

- Cumulative fishing mortalities from year i to year t-1
Figure 2 Graphs of the percentage error in Fy due to incorrect values of F; plotted
against the cumulative fishing mortalities from year i to year t-1.

p1l



°/o of the variance ratio of the catches

- 11 -

120 - .
\\
10 \
AN Variance ratio of Fj as a percentage
100 \\ \\\of the variance ratio of the catches
S T T 02
N e
90 ~. =TT 0-4
S e e e e e e e 0-6
80 e e 0-8
0~ Variance ratio of N; as a percentage
of the variance ratio of the catches
60} 08
06
50
0-4
L0 -
- 0-2
30 Fishing Mortality
per year 1
20—
10~
0 | L | 1 | L | ]

| I
0 2 L b B 10 12 11 16 18 20
Years of further exploitation ([t-i-1]

Figure 3 Graphs of the percentage variance ratio of F; and of Nj for various constant
levels of fishing mortality plotted against the years of further exploitation.
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