RESTRICTED

International Commission for the Northwest Atlantic Fisheries

Serial No. 3530 ICNAF Res.Doc. 75/51
(D.c. 9}

ANNUAL MEETING - JUNE 1975

Graphicel Methods for Estimating Parameters
in Simple Models of Fisheries

Gilbert G. Walter

Department of Mathematics and Center for Great Lakes Studies
Un%VBrsity of Wisconsin-Milwaukee, Milwaukee, Wis. 53201, USA

‘- '-'A - : .;Afétract'

+ A graphical method for calculating the coefficients
"for a SBchaefer model of a fishery is introduced. It
-rinvﬁlves plotting catch per effort vs. effort data and

then correcting the values for disequilibrium of the

fishery. A hypothetical and a realistic example are

" presented.

; - —

1. Introduction. A
The "simple" mathematical models of fisheries studied

‘By Schaefer (1968), Pella and Tomlinson (1969), Fox (1970),
end. Walter (1973) have an advantage over the more detailed
models in that they fequire only catch and effort data for .
‘their use. One of the greatest sources of difficulty with
their vse lies in the determination of the parsmeters which
appear in each of them. The usual procedures, after the
calculation of effort and catch per effort data, involve
"using these data to derive certain equations in the para-
meters and thén solving these equations. Such procedures,

as well as search procedures such as that of Pella and
‘Tomlinson, require the use of a computer. However, with'

any .of them, the results wmust be tempered by common sense

and a4 knowledge of the fishery.

F2



-2 -

Another approach in which this tempering is easier
iﬁvolves using graphical methods to determine the para-
meters. These involve first plotting the catch per effort
(CPE) versus the effort over the history of the fishery.
In the Bchaefer model, a straight line with negative slope
is fitted in some way to these points. In others it is a
curve of predetermined type. This line or curve represents
the points of equilibrium between fishing effort and CPE
j(or gtock biomass which is assumed proportional). If
the fishery is actually in equilibrium for some portion
of its history it may be fitted by least squares ( or by
eye) to these points of equilibrium. TUnfortunately, feﬁ'
exploited fisheries are in equilibrium for any extended
period of time and methods g¢ther then fitting the plotted
points must be devised. Schaefer's method is to take the
average of the CPE over a period of low exploitation and
over a period of high exploitation and draw the line
through the two points determined thus., The method of
Gulland (1968) is to plot CPE versus the effort averaged
ova; the number of years classes in the fishery =amd fit

, the best line.or curve to these plotted points.

In this work we shall desgcribe = g:aphical method
which involves correcting the CPE by an amount correspond-
ing to disequilibrium of the fishery, plotting the result-
iﬁg equilibrium values of CPE versus effort and Iifting
the best straight line to them., The coefficient of catch-
ability is determined graphically as part of this procedure,

. Extensions are made to non-linear models and to delay
"'models. Hypothetical examples as well as realictic exam-
Ples are presented. —
2. A Hypothetical Example.
We construct in this section an example of a fishery

which exactly follows the Schaefer model, i.e.,
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"1 dp ,
%a%=b-ap—qf a
where p is the‘stock biomass and { is the fishing effort.
We shall then try to work backwards from the generated data
to determine the equilibrium line and investigate how well

different methods recover the line
C=b-ap-qf.

Let us take q=0.1, a = 0.01., and b = 1, and assume
first that the fishery ig an expanding one over the course
of 10 years with f iincreasing sporadically from 1 to 10.
The values of U (i,e., CPF) and of aré plotted in
"Figure 1. Here U = gp =0.lp. We start with p(0) = 100
and use the difference quotient —g% to approximate %-

_I-'l: should. be observéd that the equilibrium line is generally
belqw the plotted points.

If the Schaefer method of determining the equilibrium
line is used, a line sbove the original one is obtained.

If the Gulland method in which a rumning average of effort
over three yeafs is used, the resulting line again lies
above the equilibrium (see Figure 1). In the method we
shall introduce the resulting line is much closer to the
line of equilibrium (see Figure 2). The method involves
firat using an initial épprbximation to the equilibrium

to determine the parametérs needed in the correction.

Thén the data_. roints are corrected to the values they would
bave if the fishery were in equilibrium and a line is

fitted to these corrected values.

3. Mathematical Formulae.
We shall calculate the amount of the correction needed
for equilibrium in a number of different ways and find

approximations to this correction. One formula is based

Fa
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on the difference between the equations for equilibrium
and non-equilibrium. If P, Tepresents the biomass at

equilibrium, then for a given level of f

0=b—ﬂpe—qf. - . (2)

This may be subtracted from equation (1) to obtain

S®--ap-p) -3

or
pe=p+j—p%2. G

This is given approximately by replacing %g by %% and
is given in terms of CPE by replacing P by U/q:

S ' ﬁ o
Up = U+ &0, (5)

- Thus the correction is éh %%. ‘
Another expression for D, and hence for the correction

may bhe obtained from the integrated form of the equation.

Let P; equal the biomass at the beginning of the i-th

vyearsand assume that the effort is coustant at o level Fr.

Then equation (1) may be zolved to find that during the year
_r_8 a Ay —(b-gf)(t-1) -1 )
p(t) = E'E——qT - (B-_qf - Pi)e i i (6)
The equilibrium level Pe during this i-th Year is given

by (2). Hence the biomass at the end of the i-th year,

pi+i, may be expressed in terms of p; and Pe by lgtting
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.t =i+l snd b-gqf = &p, in (6):

[

1 1 1% .
P = [Z= ~ (3= - =)e ] 6D
. Fi4l  Tpg Pe Py _ .
If the biomass is abové equilibrium at the start of the
- year at that particular level of £, +then it is also
sbove at the end of the year st the same level of f. This
is plausible since we would expect the biomass to decline

toward but ﬁever attain equilibrium. This can also be

ghown analytically by solving (7) for Py
_' P -ap, P :
L. Pg=DPj ll-e *a - FE')]‘ . (8)

This shows that p; > p, implies that Pis1 > Per
Furthermore (8) may be expressed as

Py Py ~8P¢ .1
Pija = Pi[‘fé‘ - = - 1)e ]

which may be used to deduce that
Pis1 < Pj-
Thus we obtain the relation

) Pg < Pi41 <Py .

:fog fixed f. In other words, the point (f, pi+i) is
Rk _closer to (f, Py) than is (£, pi). In fact in certain

cases it is a wvery good approximation.

_ If ap, is large with reaspect to 1, then e e is
_approximately zero and (8) reduces to

.The value ap, as a term i_i(the expansion ‘b -~ ap, . is an
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instantaneous growth rate. It will be large for rapidly
growing species, though rarely much larger than 1. Tor
sloﬁly growing species for which ap, is small, we use the

approximation 5
i i

In this case equation (8) reduces to

RPN SRS SRR NS o U
i+1 7 Tpg Pe P;

1 1 141
a [= + ﬁpa(pe Pi)J .

- [;}5__ (A - ap,) + al ™,
which may be solved for Py to give

. Piy1 - Py ‘
Po R P; + (= (10)
e i P41

This, in turn, may be expressed in terms of- U to obtain
another expression for the correction. It should be com-
pared to (5) with which it agrees approximately.

We shall use the CPE values corresponding to the bio-
wass values in (9) as a first approximation to the true
equilibrium points. They are plotted against effort and
the best straight line drawn through them. The equation
of fhis line, say U = B - vf, way be used to obtain an
initial estimate for the parameters in the equation

1 4au a
ﬁa?='b--q—U—Qf. ‘(.11)

The number B will approximate %9- and y  will
approximate _gé_ . Since there are three parameters in (11),
another equation is needed to obtain them all. This may

be done in a number of ways, of which we mention threc.
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A graphical method consists of plotting %l}_ versus

B~-VU~yf and fitting the best straight line through the
origin with position slope to these points. Then we would
obtain

%,U-na(ﬂ - U - y£)

ﬁom which we could calculate

b = af, q = ay, and auuzv.

An aﬁalytic method consists of integrating both sides
‘of (11) and then calculating o as the quotient

a = ( g B-U; - vfi)'l ln::—n. . (12)
' ia] o]

" If the value of q can be determined independentljr,
. say from eétimates of fishing mortality, b and a can be
- determined from it and y and B. ,

- Once the estimates for a, b, and q are all made, Ui
_eould be corrected again by using {5). This correction,
:howaver,' is very sensitive to error in the values of q/a
~ Bince it appears in the denominator. It would be better to
_dévise an approximate correction which is less sensitive to

such errors. Accordingly, we solve (8) for Py in the form
 -ap, .
(1-e__ ©)
Pi.1 -&P
Q1 - Jidl o ey
Py

Pj = Pi41
- Pia '( ap, ) Pisyl

€ Pj = Pi41

Pg = Pi41

(13)

: The second term in the last line is the exact error
term but contains the expression to be estimated (pe).
- However, if the initial approximatién to Pg by Py is

used, this equation will give us a new approximation.
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The expression (13) may be written in terms of the

chE U as

AUi
- Ue = Ui-i-l (1 + 3 )

q
e eUi = Ui+1

, au
O )
q i+l :
e U - Ui

18

This has two a&vantages over (5), one thaf it is not
as sensitive.to error in a/q, and the other that it éan
be iterated to achieve any degree of accuracy dcsirnd pro-
vided a/q is known.

'

4, Back to the Hypothetical Example.

Let us now use the brocedurec of section % on the
hypothetical example introduced earlier in section 2.

The first approximation is obtained by plotting the points

(fi, Ui+1) and fitting a straight line through them. This

is done in Pigure 2. The equation of this line is approxi-

mately U = 10 - 0.9f. '
_ we now follow the graphical procedure of Plotting

%g versus 10 - U - 0.9f and flttxng the best straight

line (Figure 3). Here we have used (Ui41 - Ui)/Ui+1

83 the value of %g. We find the slope of this line to

be .17. E

This is our estimate for a/q.‘ It differs consider-
8bly with the true value of 0.1 but if we use (14) to
correct our first approximation, this shouldn't make much
difference. The corrections are shown again on Figure 2.
The straight line fitting these points is U = 10 - .96f
Whlch should be compared to the line we started with
(U=10 - r)
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A realistic Example - Meckeral in ICNA¥ Statistical

- Aveas 5 and 6. (Data from Anderson)

The fishing effort is plotted against CPE in Figure 4,

for'this'fishery. The initial corrections are made as in

the hypothetical example and a straight line fitted to the

.cprrected values. TIts equation igs U =2 - E%Uf‘ The

values of 2 ~TU -~ 3%Gf. were plotted vs. g?

and the

straight line fitted through points was found to have a

-alope of about 1, the estimate for a/q in this case. The

values shown in Figure 4 are again corrected by the amount

calculated from {14) and a new straight line drawn. Its

eguation is

U= 2.1- .00427.

t

. If the maximum sustained yield is calculated from this,

-1t is found to equal 263,000 MT.

. to the Bchaefer model.

6.

Other Models.

The graphical methed outlined in section 3 applies

If there is some valid biological

_reason for using a value of m # 2 1in the model

E'S

i

1dp _ m-1
5'3%" b - ap

then the procedure may be modified

Um-l

VB.

f and fitting the best

the equation U®L - § - gf. Then

plotted against

culated.

yo-1 + af and the

.Now, however, the correction is not the same. Um"'1

rather than U is corrected to obtain

| m;l m-1
U, = (U + gﬁﬁ' &

F 10
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In the case of a model with a delay term of the form

1

5 g% aDd - aipy + 850, . - af : Q7))

it is necessary to procede in three stages. The first
is to ignore the delay term and use either a graphical
oer analytic procedure to estimate b, a, and g for the
Schaefer model. The delay model assumes that natural
growth is composed of two componenés, one due to indi-
vidual growth and the other due to recruitment, It
further assumes that recruitment is proportional to the
spawning population from whence it came. Thus the co-
efficient b of the Schaefer model must be split into
two terms b' 4+ aap(t - w). The prbper velue of these
new coefficients mey be obtained by plotting

1
T AU + gf

versus U(t - @) where the latter is the dependent

variable. The y intercept is then b' and the slope
a

. 2

is o= .
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Fig. Plot of catch per effort U vs. effort f for a hypothetical fishery governed exactly by the equation
E _d% =1 - 0.0lp - 0.1f. The actual equilibrium line is given by (i). The lines that would result
P
from the Schaefer and Gulland methods respectively are given by (ii) and (iii).
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Fig. Plot of catch per effort U vs. effort f uncorrected ¢ and corrected ® for disequilibrium for the F 13

hypothetical fishery of Fig. 1.
by the uew methed are shown.

The first and second approximations to the equilibrium line pgiven
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10 - U - 0.9¢

o9

Fig. 3. Plot of g_q vg. 10 - U - 0.9f for the hypotheticel example of Fig. 1. The line represents the best

fit (by eye) to the points.
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Fig. 4. CPE vs. [ for mackerel in ICNA¥ Statiatical Areas 5 and 6. Data from Anderson. Both original
values and corrected values @ are shown.
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